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Abstract
A 2-torsion topological phase exists for Hamiltonians symmetric under
the wallpaper group with glide reflection symmetry, corresponding to the
unorientable cycle of the Klein bottle fundamental domain. We prove a
mod 2 twisted Toeplitz index theorem, which implies a bulk-edge corre-
spondence between this bulk phase and the exotic topological zero modes
that it acquires along a boundary glide axis.
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1 Introduction
In the field of topological phases of matter, the bulk-boundary correspondence is
of paramount importance, allowing topological invariants of spectrally-gapped
physical systems in the bulk to be detected at a boundary as certain types
of exotic gapless modes. Heuristically, the interface between two bulk gapped
phases having different topological invariants must violate the gapped condition
in order for “continuous interpolation” between the invariants to occur. Fur-
thermore, the gapless modes at the interface reflect the difference in the bulk
invariants on either side, thereby enjoying “topological protection”. The pos-
sibility of combining, almost paradoxically, an insulating (gapped) bulk and a
conducting (gapless) boundary in a single “topological material” opens the path
for numerous applications.
The experimentally discovered topological phases exhibit such a correspon-
dence — indeed it is often difficult to probe the bulk invariants directly, and it
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is through detection of topological boundary modes that the topological non-
triviality of a bulk phase can be inferred. Recently discovered topological bound-
ary modes include the Dirac cones of 3D topological insulators [24], and Fermi
arcs of Weyl semimetals [52, 55]. Going further back, the role of edge states in
relation to the quantised bulk Hall conductance for the Integer Quantum Hall
Effect (IQHE) was already studied theoretically in [20, 22].
Nowadays, topological phases subject to crystallographic symmetry con-
straints are also under intense study [46, 4, 30, 53, 18]. Most existing works
address the classification problem — identifying and computing the invariants
that classify bulk topological phases with given crystallographic symmetry. Fol-
lowing the ideas of [28], the relevant topological invariants in the absence of
crystallographic point group symmetries can be viewed as certain K-theory
classes for (quasi)momentum space. Consideration of crystallographic symme-
tries in this approach led to the introduction of twisted equivariant K-theory
into the subject [13, 49, 46], and also motivated the study of new generalised
notions of K-theory twists [13, 16], with graded twists of particular interest in
this paper.
Given the expected universality of the bulk-boundary correspondence, it is
desirable to exhibit it as a mathematical theorem. This has been achieved for the
IQHE [27], as well as other non-interacting electron systems in the so-called stan-
dard “complex symmetry classes” [41] (no antiunitary or crystallographic point
group symmetries), both in the clean limit and in certain disordered regimes.
The general idea is that a certain topological boundary (or index) homomor-
phism maps K-theoretic bulk invariants to boundary invariants, and that via
an index theorem, this map is also an analytic (Fredholm) index constructed
out of a concrete physical model (with Hilbert spaces, Hamiltonians, bound-
ary conditions etc.). As an illustrative example, we explain in detail how the
bulk-edge correspondence for “chiral AIII class” topological invariants, realised
in the Su–Schrieffer–Heeger (SSH) model, can be understood as a classical in-
dex theorem for Toeplitz operators. Much less is known mathematically when
general crystallographic symmetries are present.
We will show how this story can be run in reverse — instead of using a known
index theorem to formulate and prove a correspondence of bulk and boundary
invariants, we motivate and apply the crystallographic bulk-boundary correspon-
dence heuristic to formulate new mathematical index theorems in twisted K-
theory, which we proceed to prove. The index theorem then justifies the bulk-
boundary correspondence. For example, the classical Gohberg–Krein index the-
orem can be anticipated simply by analysing the bulk-boundary correspondence
in the SSH model pictorially (see Fig. 1). We focus on the wallpaper group pg,
which is physically simple — the Z2 lattice translations are enhanced by glide
reflections — but rich enough that a twisted K-theory group is needed to clas-
sify pg-symmetric topological phases. When chiral/sublattice symmetry is also
present, there is in fact a 2-torsion bulk phase which we call the Klein bottle
phase, and it should be detectable through boundary modes along a 1D glide
axis. We verify this hypothesis by writing down a concrete 2D tight-binding
Hamiltonian which realises the Klein bottle phase, and which indeed has an
3
exotic zero mode on a glide axis boundary.
An important physical insight for crystallographic bulk-boundary correspon-
dences is that the boundary can have symmetry group a frieze group (or more
generally a subperiodic group [29]) rather than an ordinary (lower-dimensional)
crystallographic space group. In our pg example with boundary (an edge) taken
to be a glide axis, the symmetry group for the edge is the frieze group p11g,
which is abstractly Z but whose generator is geometrically a glide reflection ef-
fecting an exchange of the label “above/below the axis”. The distinction of p11g
from the group generated by an ordinary translation is achieved by the data of
a nontrivial Z2-grading on p11g ∼= Z recording the “above/below” exchange.
The importance of such graded frieze/subperiodic groups in formulating crys-
tallographic bulk-boundary correspondences is further explored in [18]. Our 2D
pg example is a basic toy model in which a correspondence of crystallographic
Z/2 bulk/edge phases can be formulated rigorously. In 3D, some proposals
for material realisation of Z/2 topological crystalline insulators protected by
nonsymmorphic symmetry have been made, e.g. [12] pp. 3, and [45].
We mention in passing earlier work [43, 23], related to the SSH model, where
the role of chiral symmetry in producing edge states in graphene and 2D d-wave
superconductors is explained. There, the Berry phase angle is constrained to
be multiples of π so that the exponentiated phase (U(1) holonomy) is not ar-
bitrary but Z2 = {±1} valued. Those edge states are not the same as the
intrinsically Z/2 edge modes in our chiral pg-symmetric model where the glide
reflections (together with chiral symmetry) play a fundamental role. A discus-
sion of crystallographic bulk-boundary correspondence appears in [32], but our
setup is very different; for instance, the geometric choice of boundary picks out
an appropriate “boundary symmetry group” which the index should respect.
Mathematically, our bulk and edge topological invariants are defined in
twisted K-theory, with respect to the bulk pg symmetries and the graded frieze
group symmetry of the edge glide axis. There is a natural topological index map
(an equivariant Gysin push-forward map) which “integrates out” the quasimo-
menta transverse to the glide axis, and facilitates the computation of the bulk
and edge K-theory groups (Proposition 5.6). We prove a mod 2 index theorem
(Theorem 7.1) which states that the analytic index map taking the (K-theory
class) of a Hamiltonian to its edge zero modes, is equal to the topological index
map. This demonstrates that the Klein bottle phase is indeed topologically
non-trivial and is associated to a new type of topologically protected edge state,
characterised by a subtle mod 2 index.
Outline
We begin with a careful analysis of the bulk-boundary correspondence in the
SSH model in Section 2, and explain how it is a consequence of a classical in-
dex theorem. In Section 3, we construct a tight-binding model with pg and
chiral symmetry, illustrate some “dimerised” Hamiltonians, and argue in Sec-
tion 4 that one of them (the “Klein bottle phase”) exhibits 2-torsion topological
zero modes when truncated along a glide axis. We start the detailed mathe-
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matical analysis in Section 5, introducing twisted (Bloch) vector bundles and
their classification by twisted K-theory, and deducing that for pg symmetry,
the bulk invariant can have 2-torsion. In Section 6, we introduce graded sym-
metry groups (relevant for glide axes) which induce graded K-theory twists for
the edge topological invariant, and clarify connections between several models
for K-theory with such twists. In Section 7, we construct the bulk-edge ho-
momorphisms topologically and analytically, and prove a mod 2 index theorem
that shows their equality. We also outline a crystallographic T-duality which is
suggested by our results. Detailed computations of the bulk and edge twisted
K-theory groups are provided in an Appendix.
Notation: Z2 denotes the 2-element group {±1} written multiplicatively,
while Z/2 = {0, 1} is the additive version.
2 Warm up: 1D Su–Schrieffer–Heeger model
2.1 1D chiral symmetric Hamiltonians
Consider Hamiltonians H with chiral/sublattice symmetry S (i.e. HS = −SH)
as well as a 1D lattice Z of translation symmetries. The Brillouin zone is a
circle S1, with coordinate k ∈ [0, 2π]/∼0≡2π. A basic model begins with a tight-
binding Hilbert space l2(Z)⊗ C2, representing a degree of freedom at each site
of an infinite chain, which is split by a sublattice operator S = S†, S2 = 1 which
commutes with translations by Z. This means that the chain comprises two
translation invariant sublattices labelled by A and B (Fig. 1), corresponding
respectively to the +1 and −1 eigenspaces of S. With a choice of unit cell, each
containing one A and one B site, and a basis for its two degrees of freedom so
that C[
(
1
0
)
],C[
(
0
1
)
] corresponds to the A and B sites respectively, we can write
the Hilbert space as l2(Z)⊕ l2(Z) which Fourier transforms to L2(S1)⊕L2(S1).
Then translation by n ∈ Z becomes pointwise multiplication, for each k ∈ S1,
by eink on each direct sum factor, while S acts as S(k) =
(
1 0
0 −1
)
.
By definition of chiral/sublattice symmetry, H anticommutes with S, so
H(k) =
(
0 U(k)
U(k)∗ 0
)
, U(k) ∈ C. (1)
We assume that k 7→ H(k) is continuous, so that k 7→ U(k) is continuous1.
If H is furthermore gapped, (H(k))2 > 0 so we need U(k)U(k)∗ 6= 0, so that
U(k) ∈ C∗ ∼= GL(1). We can homotope H to sgn(H), which corresponds
to replacing U(k) by U(k)/|U(k))| ∈ U(1). There is an obvious topological
invariant, which is the winding number of U : S1 → U(1). A typical H with
such a symmetry is the Hamiltonian of Su–Schrieffer–Heeger used to model the
polymer polyacetylene.
1This is related to decay of the hopping terms as the hopping range goes to infinity.
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A A A A A A
B B B B B
. . .
n = −1 n = 0 n = 1 n = 2 n = 3
n′ = −1 n′ = 0 n′ = 1 n′ = 2
Figure 1: An infinite chain with two sublattices. Blue and red dotted rect-
angles indicate two different choices of unit cells, with respective labels n and
n′. Blue/red connections represent two dimerised limits Hblue, Hred of chiral
symmetric Hamiltonians. Only Hred acquires a dangling zero A-mode when
truncated to n ≥ 0.
2.2 Toeplitz index theorem and dangling boundary modes
Let us try to understand the position space meaning of U and its winding
number Wind(U). The “hopping term” Ublue taking A to B rightwards within
a unit cell is represented, after Fourier transform, by
(
0 0
1 0
)
, whereas the term
Ured taking B to A rightwards changes unit cell and is represented by
(
0 eik
0 0
)
.
The general Hamiltonian is a self-adjoint combination of powers of Ublue, Ured
which is also required to be gapped and compatible with S, so that after Fourier
transform, it has the form in Eq. (1).
Consider the “fully-dimerised” Hamiltonian Hblue = Ublue+U
†
blue =
(
0 1
1 0
)
which has winding number 0. Another fully-dimerised Hamiltonian is Hred =
Ured + U
†
red =
(
0 eik
e−ik 0
)
has winding number 1. More generally, if a S-
compatible gapped Hamiltonian hasWind(U)= w, this means that its “dimerised
limit” is given by a B → A hopping term which crosses w unit cells to the right.
It is clear that Hblue and Hred are unitarily equivalent by translating the A
sublattice by one unit, or equivalently, choosing a different unit cell convention
such that Tred is an intra-cell hopping term rather than an inter-cell one
2, see
the difference in site labels n, n′ in Fig. 1. Thus the absolute winding number
has some inherent ambiguity, although the change in winding number does
not — this is already familiar from the notion of polarisation. The difference
between the winding numbers for Hblue and Hred (computed using either unit
cell convention) means that they cannot be deformed into one another without
2In Fourier space, this is effected by the large gauge transformation [50]
(
eik 0
0 1
)
corre-
sponding to shifting the origin of the A lattice by one unit.
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violating the gapped condition.
Nevertheless, when a boundary of the chain is specified, the unit cells are
uniquely defined under the convention that only complete unit cells are allowed
on the half-line — this corresponds to a “gauge-fixing”. With respect to a
boundary, the bulk topological invariant of H (the winding number) is well-
defined, and corresponds to a boundary invariant (number of dangling zero
modes) through a Toeplitz index theorem, as we will now explain. In particular,
there is a well-defined notion of a “zero/trivial phase” which will have no such
boundary zero modes.
The Hilbert subspace of L2(S1) spanned by the A (resp. B) degrees of free-
dom in the right-half-line comprises the functions with non-negative Fourier
coefficients — this is also called the Hardy space H2A (resp. H
2
B). After truncat-
ing L2(S1)⊕ L2(S1) to H2A ⊕H
2
B , the hopping operator Ublue remains unitary,
whereas Ured becomes only an isometry TUred since TUredT
†
Ured
= 1−pnA=0 where
pnA=0 is the projection onto the A-site at n = 0. In fact, TUred is a Toeplitz
operator with symbol the invertible function Ured(k) = e
ik, which is Fredholm
with index equal to −Wind(Ured) = −1.
Recall that a bounded operator is Fredholm if its kernel and cokernel are
finite-dimensional. Its Fredholm index is the difference of these dimensions, so
for example, the index of TUred is the number of zero modes of TUred minus
the number of zero modes of T †Ured . The product of two Fredholm operators
is again Fredholm, and the index of a product is the sum of the indices. The
Toeplitz operator TU with continuous symbol U ∈ C(S
1) is the compression of
the multiplication operator MU on L
2(S1) to the Hardy space,
H2 L2(S1) L2(S1) H2.ι
TU
MU p
Here, ι is the inclusion and p is the orthogonal projection onto H2 so that p ◦ ι
is the identity map. The operator TU is Fredholm iff its symbol U is invert-
ible everywhere [6]. The Gohberg–Krein index theorem identifies the (analytic)
Fredholm index of an invertible Toeplitz operator with the (topological) winding
number index of its symbol, up to a sign [14].
The SSH model provides a physical interpretation of this index theorem as a
bulk-edge correspondence identifying the bulk index/winding number with the
number of unpaired edge modes3. Intuitively, the bulk-with boundary Hamil-
tonian H˘red (Wind = 1) acquires an unpaired zero-energy A mode because the
B → A hopping term from unit cell n = −1 to n = 0 is “cut off” by the bound-
ary and replaced by the zero operator on the A site at n = 0, On the other hand,
the hopping terms on the right half-line remain unchanged for H˘blue (Wind = 0)
so that all sites stay paired up.
3More precisely, the number of unpaired A modes minus the number of unpaired B modes.
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A A A A A
B B B B B
. . .
n = −1 n = 0 n = 1 n = 2 n = 3
Figure 2: A dimerised Hamiltonian Hgreen with winding number −1. It acquires
a dangling zero B-mode when truncated to n ≥ 0.
2.3 Cancellation of winding numbers and zero modes
Higher winding numbers may be obtained by “dimerising” across more unit cells,
which causes more bonds to be intercepted by the boundary, leaving behind
more unpaired zero modes. This may be unnatural from the energetics point
of view, so an alternative is to consider direct sums of the basic SSH model, so
that there are 2N sites per unit cell. Then a S-symmetric Hamiltonian has the
form
H(k) =
(
0 U(k)
U(k)† 0
)
, U(k) ∈ GL(N,C)
which still has a topological invariant given by the ordinary winding number of
det(U). Allowing N to be finite but arbitrarily large, we can form direct sums
H(k)⊕H ′(k) whose off-diagonal term is U(k)⊕ U ′(k) ∈ GL(N +N ′,C).
Let us analyse what happens to the boundary zero modes under direct sum.
Fig. 2 represents a dimerised Hamiltonian Hgreen with winding number −1. We
see that the truncated H˘green acquires a dangling B zero mode at the boundary.
If we consider Hred ⊕Hgreen, their combined winding number is zero. In terms
of the boundary edge modes, this says that the A and B boundary zero modes
at position n = 0 can be paired up and gapped out by turning on a boundary
term which is compatible (anticommutes) with S|n=0,
Hbdry =
(
0 a
a 0
)
,
which has spectrum ±|a|, cf. Fig. 3. Thus the two zero modes in combination
may not be topologically protected, in accordance with the cancelling winding
numbers.
To handle direct sums, we need to be able to (1) consider Hamiltonians
with N finite but arbitrarily large, and (2) extract a topological invariant for
U ⊕ U ′ which is additive with respect to ⊕, in accordance with the addition
of boundary zero modes. This is precisely what K-theory allows us to do. In
more detail, allowing for direct sums and noting that invertible matrices can be
retracted to unitary ones, the S-symmetric Hamiltonians are classified by the
homotopy classes of maps from S1 into the infinite unitary group U . Since
U is a classifying space for the odd-degree complex K-theory functor [25], this
classification group is just K−1(S1).
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A A A A
B B B B
A A A A
B B B B
. . .
n = −1 n = 0 n = 1 n = 2 n = 3
Figure 3: The zero A-mode of H˘red and zero B-mode of H˘green at the boundary
can be paired up (black line) and gapped out.
For each N , the winding number of a map S1 → U(N) can be defined as
the ordinary winding number of its determinant, and this remains an invariant
of its homotopy class. It is also a homomorphism with respect to matrix mul-
tiplication, in that Wind(UV )=Wind(U)+Wind(V ). A remarkable property of
unitary matrices in U is that U ⊕ V = (U ⊕ 1)(1 ⊕ V ) becomes homotopic to
UV ⊕ 1 in U (we may assume that U and V have the same size by appending
1 along diagonals, which does not change their winding numbers). Thus ⊕ and
matrix multiplication are on the same footing with regards to topological invari-
ants of maps S1 → U . In particular, Wind(·) is well-defined onK-theory classes
[U ], giving a homomorphism K−1(S1) → Z ∼= K0(pt), which is in fact an iso-
morphism due to Bott periodicity applied to K−1(S1) ∼= K˜0(S2) ∼= K−2(pt) ∼=
K0(pt).
On the analytic side, we can extend the discussion of Toeplitz operators to
that on (H2)⊕N for any finite N . A continuous N×N matrix-valued function U
on S1 defines a multiplication operator by U on (L2(S1))⊕N , whose truncation
to (H2)⊕N is the Toeplitz operator TU with symbol U . As before, TU is Fredholm
iff U is invertible, and the index of TU is equal to −Wind(U). The index is of
course unchanged if TU is modified into TU ⊕ 1N ′ acting on N
′ extra copies
of H2. Thus we can consider the map [U ] 7→ Index(TU ) as a homomorphism
K−1(S1)→ Z.
Theorem 2.1 (Toeplitz index theorem, e.g. [5]). Let U ∈ C(S1,GL(N,C))
represent a class [U ] in K−1(S1). The analytic index map [U ] 7→ Index(TU )
is equal to the topological index −Wind(U); both are isomorphisms into Z ∼=
K0(pt).
Remark 2.2. Since we have seen that the matrix symbol Ured⊕Ugreen is homo-
topic to Ublue⊕Ublue, the operator H˘red⊕ H˘green is homotopic to H˘blue⊕ H˘blue
which has no dangling zero modes at all. This shows that boundary zero modes
may be created or destroyed (“gapped out”) in A-B pairs, as H˘ undergoes a
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homotopy through Toeplitz operators.
Remark 2.3. By appending to TU the identity operator on the orthogonal com-
plement of (H2)⊕N in (L2(S1))⊕N , one obtains an elliptic psuedo-differential
operator of order 0 with the same analytic index as TU . Then the Toeplitz
index theorem may be viewed in the sense of Atiyah–Singer [3], and this applies
to more general notions of Toeplitz operators [10]. In particular, if U is smooth,
the index may be computed by the local formula
Index(TU ) = −
1
2πi
∫
S1
tr(U−1dU).
Remark 2.4. Bott periodicity K−2(X) ∼= K0(X) may in fact be proved using
the notion of the index bundle for a family of (Toeplitz) Fredholm operators
[1, 2], which we will utilise in Section 7. This approach is especially useful for
noncommutative generalisations, see [8, 39].
2.4 Families of Toeplitz operators
We can also consider a continuous family of Toeplitz operators x 7→ TU (x)
parameterised by a topological space X . For instance, take Z2 = Zx⊕Zy where
Zx,Zy denote the subgroups of lattice translations in the x and y directions
respectively. We can Fourier transform only with respect to the Zx factor,
to get a family Bx ∋ kx 7→ MU(kx,·) of invertible operators on (l
2(Zy))
⊕N ∼=
(L2(By))
⊕N corresponding at each kx to multiplication on (L
2(By))
⊕N by the
function U(kx, ·) : ky 7→ U(kx, ky). Truncating L
2(By) to Hardy space, we
obtain a family kx 7→ TU (kx) of Toeplitz operators, whose symbol at kx is the
function U(kx, ·). If U(kx, ·) is invertible for all kx, then kx 7→ TU (kx) is a
family of Fredholm operators, which has a (virtual) index bundle well-defined
as an element of K0(Bx). Because Bx = S
1, the class of the index bundle is
determined by its (virtual) rank.
More interesting index bundles can appear for higher dimensional X . For
a general compact connected X , a continuous function U on X × S1 gives a
family x 7→ TU (x) of Toeplitz operators with virtual index bundle an element of
K0(X). We may also associate a topological index as follows. The function U
determines the clutching data for a vector bundle over X × S2 and a K-theory
class in K0(X×S2). Composing with the inverse of the Bott isomorphism gives
an element in K0(X), which is in fact represented by the analytic index bundle
[2].
By considering a wallpaper group which extends Z2 translations by glide
reflection symmetries, we will construct a twisted family of Toeplitz operators
over Bx, whose index lives in a twisted K-theory of Bx.
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3 2D tight-binding model with glide reflection
symmetry
3.1 Space groups, unit cells, and orbifolds
A space group (or crystallographic group) G in d-dimensions is a discrete co-
compact subgroup of the group Euc(d) ∼= Rd ⋊O(d) of isometries of Euclidean
space Ed. Euclidean space Ed is an affine version of the normal subgroup Rd of
translations, and O(d) is the orthogonal group fixing an origin.
A space group G has a maximal abelian subgroup N = G ∩Rd ∼= Zd gener-
ated by d independent translations, called the (translation) lattice, which is also
normal with quotient F = G /Zd ⊂ O(d) the finite point group. Thus, there is a
diagram
0 −−−−→ Rd −−−−→ Rd ⋊O(d) −−−−→ O(d) −−−−→ 1x x x
0 −−−−→ N = Zd −−−−→ G −−−−→ F −−−−→ 1
(2)
where the vertical maps are inclusions. In Eq. (2), we have written 0 = {0}
for the trivial subgroup of N ⊂ Rd written additively, and also 1 = {1} for
the trivial quotient group written multiplicatively. The top row expresses the
Euclidean group as a semidirect product, while the bottom row expresses the
space group G as an extension of F by N .
A lift g˘ ∈ G of an element g ∈ F may be written as a Euclidean transfor-
mation [tg;Og] ∈ R
d ⋊ O(d) where tg is the translational part and Og is an
orthogonal transformation fixing some origin. If F can be lifted homomorphi-
cally back into G as a subgroup, then G is isomorphic to a semidirect product
N ⋊F and we say that G is symmorphic; the lifts g˘ can then be chosen to have
no translational part.
An example of a nonsymmorphic group is the torsion-free wallpaper group
pg,
0 −→ Z2 −→ pg −→ Z2 −→ 1,
in which any lift of the non-trivial point group element is a glide reflection of
infinite order. We will discuss the pg group in detail in the next Subsection.
By convention, a (primitive) unit cell refers to a fundamental domain with
respect to only the discrete translational subgroup Zd of a space group. This is
not unique but is always topologically a torus Td = Ed/Zd, and can be thought
of as the orbit space under lattice translations. It is important to distinguish
Td from the Brillouin torus B.
Since Zd is normal in G , there is an induced action of F on Td, so that
the unit cell Td comes equipped with a finite group action by F . The quotient
Td/F ∼= Ed/G is a fundamental domain for the full space group G , and can be
used as a basic “tile” for Euclidean space.
The group pg provides a particularly nice example where F = Z2 acts freely
(i.e. without fixed points) so that the quotient T2/Z2 is a manifold — in fact
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it is just the Klein bottle K, see Fig. 4. In general, F acts with fixed points, so
that Td/F is an orbifold — the orbifold approach to space groups can be found
in [7].
3.2 Tight-binding model with pg symmetry
The group pg is one of the two torsion-free wallpaper groups — the other being
Z2 = Z⊕Z. Abstractly, it is isomorphic to a semidirect product Z⋊Z in which
the second copy of Z acts on the first by reflection. In the short exact sequence
0 −→ N = Z⊕ Z
i
→֒ pg = Z ⋊ Z
q
։ F = Z2 −→ 1, (3)
the injection is4 i : (ny , nx) 7→ (ny; 2nx) and the surjection is q : (ny;mx) 7→
(−1)mx . The multiplication law in pg is
(ny;mx)(n
′
y;m
′
x) = (ny + (−1)
mxn′y;mx +m
′
x).
Since pg has no elements of order 2, it is not a split extension of F by N , and is
thus nonsymmorphic. The elements (ny; 1) ∈ pg are lifts of −1 ∈ F , and they
all have the property that they square to (ny; 1)
2 = (0; 2) = i(0, 1), i.e. a unit
translation in the nx variable.
Concretely, we can identify pg as a subgroup of the Euclidean group E(2),
where the latter can be written as (Ry ⊕Rx)⋊O(2) upon picking a base point
and an orthonormal basis of translations. We use square brackets [(ty , tx);O] to
denote a Euclidean transformation. Then−1 ∈ F is identified with the reflection
matrix Ry =
(
−1 0
0 1
)
, and the general element (ny;mx) ∈ pg is identified with
the Euclidean transformation [(ny,
mx
2 );R
mx
y ]. Thus, for instance, (0; 1) is a glide
reflection about the horizontal x-axis, i.e. reflection of y-coordinate followed by
half-translation of the x-coordinate. More generally, (ny; 1) is a glide reflection
about some horizontal glide axis which is left invariant under (ny; 1). We can
then write Eq. (3) more concretely as
0 −→ Zy ⊕ Zx
i
→֒ pg = Zy ⋊ Zg
q
։ F = Z2 −→ 1,
where Zg is the subgroup of pg generated by a glide reflection about the x-axis.
The quotient E2/pg is a Klein bottle, see Fig. 4, which is a flat closed manifold.
In reverse, the fundamental group of the Klein bottle is isomorphic to pg.
Convention for labelling unit cells, glide axes, and atomic sites.
Formally, the Cayley graph for pg embeds in E2 as a set of “atomic sites”, e.g.
indicated by Fig. 4 or the black symbols in Fig. 5. Pick one atomic site (Wyckoff
position) just below (or possibly on) the glide axis for (0; 1) to be labelled by the
identity element (0; 0) ∈ pg, then the other atomic sites can be labelled uniquely
by (ny;mx) ∈ pg according to the transformation needed to reach there from
4We use the semicolon for elements (ny ;mx) ∈ pg to avoid confusion with elements
(ny, nx) ∈ N . We also use ny instead of nx for the first coordinate so that the diagrams
that follow are more convenient to draw.
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` ` `
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nx = −1 nx = 0 nx = 1
ny = −1
ny = 0
ny = 1
l = −2
l = −1
l = 0
l = 1
l = 2
l = 3
l = 4
(0; 0)
(0; 1)
(0; 2)
(0; 3)
(−1; 0)
(−1; 1)
×
`
`
.
Figure 4: (L) An embedding of pg in Euclidean space with origin labelled ×.
Dotted lines divide Euclidean space into unit cells labelled by N = Z2, each
containing two atomic sites. Black solid lines enclose the unit cell labelled by
(ny, nx) = (0, 0). For each ny ∈ Zy, there are two glide axes (dashed horizontal
lines), labelled by l = 2ny, 2ny + 1. Odd l glide axes are intra-cell with respect
to the black unit cell convention, while even l ones are “shared” between unit
cells with different ny. The red square encloses another possible choice of unit
cell. (R) Identifying pairs of glide-equivalent points in a unit cell gives a Klein
bottle as the quotient space (fundamental domain of pg).
(0; 0). We choose unit cells such that the unit cell labelled by (ny, nx) ∈ N
contains the two atomic sites (ny; 2nx), (ny; 2nx+1) ∈ pg, and lies between the
two glide axes labelled by l = 2ny and l = 2(ny + 1), as in Fig. 4. Then the
glide axis l = 2ny + 1 = 2(ny +
1
2 ) passes through the middle of the unit cells
at (ny, nx), nx ∈ Zx.
The glide axis bounding the bottom of the ny = 0 unit cells, i.e. l = 0, will
be taken to be the 1D boundary (henceforth called an edge). Note that with
this labelling of glides axes, the x-axis is at l = 1, and the glide reflection L(l)
with glide axis l is effected by (l − 1; 1) ∈ pg.
Finally, choose a basis for the intra-cell C⊕C degrees of freedom, such that(
1
0
)
corresponds to the sites with even mx (depicted with the symbol
`
), and(
0
1
)
corresponds to the sites with odd mx (depicted with the reflected symbol
`).
With the above labelling and basis conventions, the tight-binding Hilbert
space is l2(pg) ∼= l2(Z2)⊕ l2(Z2) ∼= L2(B)⊕L2(B) where the latter isomorphism
is the Fourier transform. Lattice translations Tn by n = (ny, nx) ∈ N act on
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f ∈ L2(B) ⊕ L2(B) as pointwise multiplication. For example, the generating
horizontal and vertical translation operators Tx ≡ T(0,1), Ty ≡ T(1,0) are
(Tx · f)(k) = Muxf(k) ≡
(
ux 0
0 ux
)
f(k),
(Ty · f)(k) = Muyf(k) ≡
(
uy 0
0 uy
)
f(k), k = (kx, ky) ∈ B,
where ux : k→ e
ikx and uy : k→ e
iky are the functions generating the Fourier
algebra on B.
Glide reflection L(1) about the x-axis l = 1 takes
(ny;mx) 7→ (0; 1)(ny;mx) = (−ny; 1 +mx) ∈ pg,
so
(L(1) · f)(k) =
(
0 ux(k)
1 0
)
f(k′) ≡MV f(k
′) ≡MV If(k),
where V (k) :=
(
0 ux(k)
1 0
)
=
(
0 eikx
1 0
)
, and If(k) := f(k′) ≡ f(kx,−ky).
Here, we have written k′ for (kx,−ky). We can think of MV as “horizontal
half-translation” and I as vertical reflection about l = 1.
We also need glide reflection L(0) about the 1D edge l = 0, which takes
(ny;mx) 7→ (−1; 1)(ny;mx) = (−1; 0)(0; 1)(ny;mx) = (−1− ny; 1 +mx) ∈ pg,
so
(L(0) · f)(k) = T−1y MV If(k) = MuyV If(k) =
(
0 ei(kx−ky)
e−iky 0
)
f(k′),
It is easy to verify that (L(0))2 = Tx = (L
(1))2.
What we have described is the Fourier transformed version of the regular
representation of pg on l2(pg) ∼= L2(B)⊕L2(B) (upon making certain choices as
explained above). The Hilbert space L2(B)⊕L2(B), together with operators Ty
and L(0) generating a pg action, may thus be thought of as the section space of
the “regular bundle” Ereg ∼= B × C
2. In general, there may be internal degrees
of freedom Cn at each atomic site, and we would then have n copies of Ereg.
3.2.1 Tight-binding model with pg and chiral symmetry
We wish to study tight-binding Hamiltonians H with pg symmetry and chiral
(also called sublattice) symmetry represented by a unitary operator S. The
latter symmetry means that HS = −SH and S2 = 1, and we also assume that
S commutes with pg. Thus the ±1 eigenspaces of S (Hilbert subspaces for the
two sublattices) must each host the pg symmetry, so that there are four degrees
of freedom per unit cell. This is illustrated in Fig. 5 where the brown
`
, ` are
chiral partners of the black
`
, ` respectively.
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×
nx = −1 nx = 0 nx = 1 nx = 2 nx = 3
ny = −1
ny = 0
ny = 1
ny = 2
l = −2
l = −1
l = 0
l = 1
l = 2
l = 3
l = 4
l = 5
l = 6
(0; 0)
(0; 1)
(0; 2)
(0; 3)
(−1; 0)
(−1; 1)
Figure 5: Black and brown sublattices each corresponds to an embedding of pg
in Euclidean space (origin ×). Each unit cell (e.g. the black square) contains
two black and two brown atomic sites. The 1D edge will be taken to be the
glide axis at l = 0 (solid line).
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The Hilbert space is Hbulk = l
2(pg) ⊕ l2(pg) ∼= l2(Z2) ⊕ l2(Z2) ⊕ l2(Z2) ⊕
l2(Z2), and our convention for the four degrees of freedom per unit cell is such
that
`
=


1
0
0
0

 , ` =


0
1
0
0

 , ` =


0
0
1
0

 , ` =


0
0
0
1

 .
With respect to the above, there is a sublattice exchange operator
X =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


which implements
`
↔
`
and `↔ ` within each unit cell.
On the Fourier transformed space f ∈ L2(B)⊗ C4, the symmetry operators
for pg and S are generated by
(S · f)(k) =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 f(k), (Ty · f)(k) = eikyf(k),
(L(1) · f)(k) =
(
L(1) 0
0 L(1)
)
f(k) =
(
MV I 0
0 MV I
)
f(k).
A Hamiltonian H which anticommutes with S and commutes with pg must,
after Fourier transform with respect to N ⊂ pg, be of the form
H(k) =
(
0 U(k)
U †(k) 0
)
where U is a 2× 2 matrix-valued function which satisfies
U(k)V (k) = V (k)U(k′), U †(k)V (k) = V (k)U †(k′), (4)
where k′ = (kx,−ky). The two conditions in Eq. (4) actually imply each other
because V †(k) = V −1(k). We will also assume that U is continuous.
We can think of L2(B)⊗C4 as the section space of Ereg,black⊕Ereg,brown and
X as a reference isomorphism identifying Ereg,brown ∼= Ereg,black. Then MU may
be viewed either as an(other) isomorphism between Ereg,brown and Ereg,black, or
as an automorphism of Ereg = Ereg,brown = Ereg,black. In the latter point of view,
the condition U(k)V (k) = V (k)U(k′) is the statement that
MU (L
(1))M †U ≡MU (MV I)M
†
U = (MV I) ≡ L
(1),
i.e. MU commutes with glide reflections about l = 1. Equivalently,
MUL
(0)M †U ≡MU (MuyV I)M
†
U = (MuyV I) = L
(0),
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i.e. MU commutes with glide reflections about l = 0.
The general form of U(k) satisfying Eq. (4) is
U(k) =
(
a(k) ux(k)b(k
′)
b(k) a(k′)
)
for some complex-valued functions. If the Hamiltonian is gapped at 0 (thus
invertible), U(k) must be invertible for all k. In particular, Eq. (4) is satisfied
by the matrix functions
Ur =
(
0 ux
1 0
)
, Ug = U
−1
r =
(
0 1
ux 0
)
, Up =
(
uy 0
0 uy
)
, Ub =
(
1 0
0 1
)
(5)
which give rise to respective compatible gapped Hamiltonians Hr, Hg, Hp, Hb.
Note that
Hb =
(
0 Ub
U †b 0
)
= X,
in accordance with Ub being the identity automorphism of Ereg.
The unitary part of U (in its polar decomposition) implements an isomor-
phism between the Hilbert subspaces for the two sublattices. Thus it comprises
“hopping terms” between the black sublattice and the brown sublattice which
are compatible with the pg action. A hopping term (plus its adjoint) between
two sites may be represented by a line (with some complex coefficient). It is
easy to see that in position space, Hr (resp. Hg) corresponds to a “dimerised”
Hamiltonian indicated by the red (resp. green) links in Fig. 6, while Hp (resp.
Hb) corresponds to the purple (resp. blue) links in Fig. 7.
4 Topological zero modes on 1D edge: heuristics
4.1 Integer index for zero modes transverse to glide axis
Suppose we truncate the model to the half-plane with nx ≥ 0 so that H 7→ H˘ ,
then H˘p, H˘r remain fully dimerised, corresponding to Windx(Up)=Windx(Ub)=
0 where Windx refers to the winding number around kx. However, H˘r (resp.
H˘g) acquires a black (resp. brown) unpaired zero mode, for each ny ∈ Z, which
corresponds to Windx(Ur)= +1 (resp. Windx(Ug)= −1). This bulk-edge corre-
spondence of integer indices is discussed in more detail in Appendix B.
Clearly, Windy of Ur, Ug, Ub are all zero, and also Windy(Up)= 0 due to
cancelling contributions from uy and uy, so we could not hope to detect non-
triviality of Hp by the ordinary winding number of U along ky. As we will see,
truncating Hp along a horizontal glide axis causes it to acquire an interesting
collection of edge zero modes which “detects” a certain non-trivial bulk invariant
of Hp.
17
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
` ` ` `
nx = −1 nx = 0 nx = 1 nx = 2
ny = −1
ny = 0
ny = 1
ny = 2
Figure 6: “Dimerised” Hamiltonian Hr (resp. Hg), indicated by the red (resp.
green) links.
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Figure 7: “Dimerised” Hp (resp. Hb), indicated by the purple (resp. blue) links.
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Figure 8: Unpaired chain of zero edge modes left behind when the purple bonds
of Fig. 7 passing through ny = 0 are intercepted by the edge glide axis.
4.2 Mod 2 index for zero modes along glide axis
Consider the horizontal 1D glide axis l = 0 as an edge in our model, and truncate
along this edge in the sense of killing any hopping terms that go across the edge.
Thus the upper and lower half-planes are separated. Na¨ıvely, it appears that
only the subgroup generated by Tx remain symmetries of the truncated model,
and so the edge zero modes should be characterised by a topological invariant
associated to 1D systems with only Z ∼= Zx translation symmetry. It turns out
that the appropriate edge topological invariant is more subtle and associated
to a “graded edge symmetry group”, and that the invariant is a mod 2 number
rather than an integer. Before explaining this claim, we analyse the edge zero
modes for the basic dimerised Hamiltonians Hp, Hr, Hg, Hb in order to gain a
heuristic understanding of the general case.
Clearly, for Hamiltonians Hr, Hg, Hb there is no dangling edge mode as no
bond is cut by the edge. For Hp, however, an entire Hilbert subspace along
and just above l = 0, namely H uppere = l
2(Zupperblack )⊕ l
2(Zupperbrown), is left dangling,
together with its counterpart just below l = 0, namely H lowere = l
2(Zlowerblack) ⊕
l2(Zlowerbrown) (the ‘e’ subscript stands for ‘edge’), see Fig. 8.
The truncated Hamiltonian H˘ = H˘upper ⊕ H˘ lower (acting on the direct sum
of upper and lower half-space Hilbert subspaces) is consistent not just with Tx
symmetry, but also with L(0) glide symmetry, although Ty symmetry is broken.
The edge zero mode Hilbert space H uppere ⊕ H
lower
e is naturally Z2-graded
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Figure 9: The generating translation along a glide axis also effects an exchange
of the internal label “above/below the axis”.
by the upper/lower label5, and is an invariant subspace for the action of L(0)
which is furthermore odd with respect to the upper/lower grading. The black
edge subspace He,black = H
upper
e,black ⊕H
lower
e,black is also invariant under L
(0), as is
the brown edge subspace He,brown, and these are intertwined by X. We see that
L(0) generates an unusual “graded symmetry group”, or “nonsymmorphic chiral
symmetry”, explained below.
4.2.1 Graded edge symmetry group
Quite generally, under a homotopy of Up respecting pg symmetry, the truncated
operator H˘upperp ⊕ H˘
lower
p is no longer symmetric with respect to vertical trans-
lation Ty, but nevertheless remains symmetric with respect to glide reflection
L(0) (and also Tx = (L
(0))2). Thus we say that the truncated bulk-with-edge
system is compatible with a Z symmetry generated by L(0). However, the up-
per/lower grading is part of the data, and only the “even” subgroup generated
by Tx = (L
(0))2 preserves this grading whereas L(0) reverses it. Note that the
other glide reflections L(l), l 6= 0 are not symmetries of the truncated operators
(irrespective of the grading).
Therefore, when there is an edge at l = 0, we should be considering the
graded symmetry group Z[L] with odd generator L, which is to be represented
in a graded sense (e.g. as the glide reflection operator L(0) above). Specifically,
we have the following non-split exact sequence
1 −→ Z[Tx]
×2
−→ Z[L]
(−1)(·)
−→ Z2 −→ 1. (6)
A graded representation of Z[L] is a graded Hilbert space H+⊕H− with grading
operator ǫ = ǫ†, ǫ2 = 1, such that Lǫ = −ǫL and L2 = Tx (retaining the same
symbols for the abstract group elements and their operator representatives).
In [45], the sequence Eq. (6) was studied, and the grading operator ǫ has
the interpretation of a spectrally flattened gapped 1D Hamiltonian which anti-
commutes with the so-called “nonsymmorphic chiral symmetry” L. We do not
interpret ǫ as a 1D Hamiltonian in this paper but as a grading operator on the
edge mode Hilbert space.
It was found in [45] that there is a Z/2 topological classification of Hamil-
tonians with nonsymmorphic chiral symmetry, using the language of twisted
K-theory, which we will employ later. In our context, this suggests a Z/2 clas-
sification of the edge modes for truncated pg-symmetric Hamiltonians, and we
shall make this precise via an index theorem.
5Not to be confused with the black/brown sublattice grading by the operator S.
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5 Twisted K-theory indices in the bulk
In the subsequent sections, we define the bulk and edge topological indices in
the twistedK-theory of bulk and edge Brillouin tori, and link them via a twisted
version of the Toeplitz index theorem. Thus an analytic index of H˘bulk (a certain
counting of the zero modes on an edge) will be identified with a K-theoretic
index for the edge Brillouin torus (a circle), obtained by “integrating” over the
transverse momenta. Unlike the situation in the SSH model, the relevant indices
are much more subtle mod 2 numbers.
5.1 Bloch vector bundle and K-theory
Let us recall the construction of K-theoretic indices for topological phases with
space group symmetries [13, 49], which generalises the ideas put forth in [28]
for the case where the point group is trivial. The basic idea is that under the
Bloch–Floquet transform with respect to a lattice Zd of translation symmetries,
the valence states of an insulator form a Hermitian vector bundle E over the
Brillouin d-torus B, and E may be non-trivial as a complex vector bundle. The
Chern insulator [19] is an example where E has non-trivial Chern number, and
leads to gapless edge states on a 1D edge. More abstractly, B is the Pontryagin
dual of irreducible characters for Zd. Every character χ ∈ B has the form
χk : n 7→ e
in·k for some k ∈ [0, 2π]d/0≡2π.
For a Hamiltonian invariant under the action of a space group G , the valence
states must also host an action of G . In the decomposition of G in Eq. (2), the
translation part N = Zd acts as multiplication by χ(n), as usual under the
Fourier transform. Each a ∈ F acts on the normal abelian subgroup Zd by
conjugation by any lift a˘ ∈ G , and there is a canonical dual action of F on B,
defined by
(a · χ)(n) = χ(a−1 · n).
We may also regard Eq. (5.1) as giving C(B) the structure of a left F -module,
with action α by precomposition,
(α(a)f)(χ) = f(a−1 · χ), f ∈ C(B).
If G is symmorphic, F may be regarded as a subgroup of G , and there
should be a linear action of F on the sections Γ(E) of the valence bundle E .
Note that Γ(E) has an action of n ∈ Zd via pointwise multiplication by the
Fourier transformed function n̂ : χ 7→ χ(n). Because of Eq. (5.1), the action of
F on Γ(E) is not fibrewise, but is instead a lift of the dual F -action on the base
B — in other words, E is an F -equivariant vector bundle over the F -space B.
This ensures that the F and Zd actions on Γ(E) together furnish an action of
G = Zd ⋊ F .
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5.2 Twisted vector bundles from nonsymmorphic space
groups
In the general nonsymmorphic case, there is a group 2-cocycle ν : F × F → Zd
defined by
ν(a, b)(a˘b) = a˘ b˘, a, b,∈ F
where (˘·) is a lift of (·) in G . Thus ν measures the failure of the lifting map
a 7→ a˘ to be a homomorphism. By associativity in G , the map ν satisfies a
cocycle condition
ν(a, b) + ν(ab, c) = a · ν(b, c) + ν(a, bc).
A different choice of lifting map modifies ν, but only in such a way as to maintain
its group cohomology class [ν] ∈ H2(F,Zd). The Fourier transform of ν defines
a C(B,U(1))-valued 2-cocycle by the formula
ν̂(a, b)(χ) = (ab · χ)(ν(a, b)) ∈ U(1). (7)
The interpretation of ν̂ is that it measures the failure of the linear action of
a, b ∈ F on Γ(E) to compose homomorphically. In more detail, if
χ b · χ (ab) · χb
ab
a
on the base, then for composable linear maps
Eχ Eb·χ E(ab)·χ
Lb
Lab
La
a phase factor is acquired,
LaLb = ν̂(a, b)((ab) · χ)Lab. (8)
In particular, when χ is a fixed point for the F -action on B, there is a projective
representation of F on the fibre Eχ. The assignment of phases in Eq. (8) glob-
ally is needed for there to be a genuine action of G on Γ(E), and has important
physical consequences. For instance, if there is a whole cycle of fixed points in
B, the variation of the phase factors ν̂(a, b)((ab) · χ) as χ varies along the cycle
can lead to “monodromy of representations”. This phenomenon was pointed
out in the context of band theory of solid state physics as a kind of degener-
acy and connectivity of energy bands enforced by non-symmorphic space group
symmetry [35].
Example 5.1. For pg, the circle ky = 0 (and also ky = π) is a set of fixed points
for the dual action of the point group F = Z2 on B. The fibre over such a
point hosts a projective representation of F with (−1) ∈ F represented by an
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operator Lkx such that L
2
kx
= eikx , so on one-dimensional invariant subspaces we
can have Lkx = ±e
ikx/2. If we start from the trivial (ordinary) representation
at (kx, ky) = (0, 0) and move along fixed points by increasing kx, only the
option Lkx = +e
ikx/2 satisfies continuity with respect to kx, but this means
that we end up at the sign representation L2π = e
iπ = −1 when we finally
reach kx = 2π ∼ 0. Thus a “doubling” of dimension is enforced by the family
of projective phase factors coming from nonsymmorphicity of pg.
Another way of thinking about E is that there is a transformation groupoid
B//F associated to the F -action on B, centrally extended by ν̂, and E is a
“linearisation” or a ν̂-twisted equivariant vector bundle, cf. [13, 31]. In the
symmorphic case, E is an ordinary linearisation of the transformation groupoid,
i.e. an equivariant vector bundle over B, or a bundle over the groupoid B//F .
Given an action of F on B and an equivariant twist ν̂ as above, a ν̂-twisted
F -equivariant vector bundle on B (a twisted bundle for short) can be defined as
a complex vector bundle π : E → B equipped with a ν̂-twisted F -action, namely,
a set of vector bundle maps {La}a∈F ,
E
La−−−−→ E
π
y yπ
B
a
−−−−→ B,
which satisfy
LaLb = ν̂(a, b)Lab.
When we make the χ-dependence explicit, the above formula is
LaLbψ = ν̂(a, b)(ab · χ)Labψ
for a, b ∈ F , χ ∈ B and ψ ∈ E|χ = π
−1(χ), in accordance with Eq. (8).
As with ordinary vector bundles, there is a category of finite-rank ν̂-twisted
F -equivariant vector bundles, and the Grothendieck group of classes of such
bundles gives the finite-rank twisted equivariant K-theory group K0+ν̂F (B)fin,
see Appendix E of [13] and [26, 16].
Remark 5.2. ForK-theory twisted by a general element ofH3(B,Z), an infinite-
dimensional model, e.g. using Fredholm operators, is needed, and the twistedK-
theory classes are not necessarily realised by a finite-rank model. In our equiv-
ariant setting, the 2-cocycle ν̂ above defines a torsion class inH2(F,C(B,U(1))),
which can be understood as an element of H3F (B,Z), i.e. an equivariant twist,
cf. [15]. Non-equivariantly, this twist is trivial. This nature of ν̂ ensures that
the finite-rank model K0+ν̂F (B)fin agrees with the “true” K-theory K
0+ν̂
F (B), see
([13, 16]).
5.3 Classification of twisted vector bundles for pg symme-
try
For G = pg, the action of (−1) ∈ Z2 = F on N takes (ny, nx) 7→ (−ny, nx),
so the dual action on B takes (kx, ky) 7→ (kx,−ky) (writing k for the character
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χk). Taking (0; 1) ∈ pg as a lift of (−1) ∈ Z2, the group 2-cocycle ν is simply
ν(−1,−1) = (0, 1) ∈ N , and trivial otherwise, so ν̂(−1,−1)(k) = eikx = ux(k).
Thus ν̂-twisted vector bundles over the Z2-space B are complex bundles E → B
equipped with a twisted Z2-action, the latter being specified by a bundle map
L−1 lifting the action of (−1) ∈ Z2 on B, which squares to the multiplication
operator Mux . Such bundles are classified K-theoretically by the twisted K-
theory group K0+ν̂
Z2
(B).
The computation of K•+ν̂
Z2
(B), • = 0, 1, is detailed in [46] (page 25–30): In
that paper, we first compute K•
Z2
(S1), where the circle S1 = R/2πZ = By is
given the flip Z2-action ky 7→ −ky. This computation is done by applying the
Mayer–Vietoris sequence to the decomposition of S1 into two intervals. (This
K-theory K•
Z2
(S1) is relatively well known. Its R(Z2)-module structure is for
example determined in [34].) We then compute K•+ν̂
Z2
(B) of our interests. This
is again done by applying the Mayer–Vietoris sequence to a decomposition of
the 2-dimensional torus B, where knowledge about the R(Z2)-module structure
on K0
Z2
(S1) is needed; see Appendix A for details.
The result of this computation is that K0+ν̂
Z2
(B) ∼= Z. In fact, K0+ν̂Z2 (B) =
K(Vectν̂Z2(B)) can be realised by applying the Grothendieck construction to
the monoid Vectν̂Z2(B) of isomorphism classes of ν̂-twisted Z2-equivariant vector
bundles of finite rank (see Section 6.2). Given such a vector bundle E → B, we
can show that:
Lemma 5.1. E is trivialisable as a complex bundle, and dim E ∈ 2Z.
Proof. Because the Z2-action on B is orientation reversing, the (first) Chern
class of the underlying bundle of E is trivial. This allows us to assume that
E = B × Cr and that its twisted Z2-action is of the form
L−1 : ((kx, ky), ~ψ) 7→ ((kx,−ky),W (kx, ky)~ψ),
where W : B → U(r) is a continuous map satisfying
W (kx,−ky)W (kx, ky) = e
ikx1Cr . (9)
This relation leads to
deg detW + deg detW = r,
where deg detW is the the winding number (degree) of detW (·, 0) : Bx → U(1)
around the kx-circle Bx at ky = 0.
As a consequence of Lemma 5.1, we get a monoid homomorphism 12dim :
Vectν̂Z2(B) → Z. By the universality of the Grothendieck construction, this
monoid homomorphism extends to a group homomorphism 12dim : K
0+ν̂
Z2
(B)→
Z. Now, the “regular vector bundle” Ereg is the product bundle Ereg = B × C
2
of rank 2 with the twisted Z2-action
L(1) : ((kx, ky), ~ψ) 7→ ((kx,−ky),
(
0 eikx
1 0
)
~ψ) ≡ ((kx,−ky), V (kx)~ψ), (10)
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where V : Bx → U(2) is the unitary matrix-valued function
(
0 ux
1 0
)
specify-
ing W via W (kx, ky) = V (kx). As a result, the homomorphism
1
2dim : Z
∼=
K0+ν̂
Z2
(B)→ Z is surjective, and hence is bijective.
Corollary 5.3. Ereg represents a generator of K
0+ν̂
Z2
(B) ∼= Z.
Remark 5.4. We could also endow Ereg with the alternative twisted Z2-action
L−1 = L
(0) : ((kx, ky), ~ψ) 7→ ((kx,−ky),
(
0 ei(kx−ky)
e−iky 0
)
~ψ),
in which W is instead the function V ′ =
(
0 uxuy
uy 0
)
= uyV , which also
satisfies Eq. (9). In relation to the construction of Section 3, L(1) and L(0) are
the glide reflection operators with glides axes at l = 1 and at l = 0 respectively.
We may verify that the twisted actions L(1) and L(0) are intertwined by the
multiplication operator
(
0 ux
uy 0
)
, which corresponds to changing the unit cell
such that the glide reflection axis remains in the middle of the unit cell, see Fig.
4. Thus (Ereg, L
(1)) and (Ereg, L
(0)) define isomorphic twisted vector bundles.
The choice L(1) is convenient because its V depends only on kx ∈ Bx, but
the choice L(0) with its V ′ is also needed for the analysis of the bulk-edge
correspondence with edge at l = 0.
5.4 Twisted bundles from pg and chiral symmetry: Klein
bottle phase
The notion of twisted vector bundles and twisted K-theory can be generalised
greatly, e.g. [13, 16], and we mention one generalisation — degree shift— which
is relevant when chiral symmetry S is present. By definition, S is a grading
operator which commutes with G , so E has a “sublattice decomposition” into
EA ⊕ EB where each factor individually hosts a G action on its sections. If a
gapped Hamiltonian H not only commutes with G but also anticommutes with
S, it must have the form
H =
(
0 U
U † 0
)
where U ∈ End(EB, EA) is an invertible bundle map which intertwines the G
actions. If EA, EB are trivialisable, we get a continuous assignment U : k 7→
U(k) of invertible matrices with respect to some trivialisation. Usually, there
is a reference isomorphism identifying EA ∼= EB ∼= E , then we may regard
U ∈ Aut(E).
For the case G = Zd, there is no (twisted) point group action to intertwine,
so U(k) is arbitrary and the homotopy classes of U (in the stabilised sense)
give the group K−1(B). For d = 1, this led to K−1(S1) providing the bulk
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topological index for S-symmetric (and translation-symmetric) Hamiltonians,
e.g. in the SSH model.
For a general space group G , U is not arbitrary, but must satisfy a com-
patibility condition with G . We had an example for G = pg with dim E = 2,
where the condition was Eq. (4). More generally, we can assume that E is the
direct product of some copies of the regular ν̂-twisted Z2-equivariant vector
bundle Ereg as in Lemma 5.1 and Corollary 5.3, so that it is the product bundle
of rank 2n. Accordingly, its twisted Z2-action L and the commuting unitary
automorphism are described as maps
V : Bx → U(2n), U : B = Bx × By → U(2n) (11)
subject to the relations
V (kx)V (kx) = e
ikx1C2n , V (kx)U(kx, ky) = U(kx,−ky)V (kx). (12)
We consider such unitary automorphisms U in the direct limit as n → ∞,
then the homotopy classes of U give the twisted degree-shifted K-theory group
K1+ν̂
Z2
(B). The computation of this group was given in [46] with the result
K1+ν̂
Z2
(B) ∼= Z⊕ Z/2.
Remark 5.5. As noted in Remark 5.4, other choices of twisted Z2 actions are
possible, being specified by a gauge-transformed V ′ that could generally depend
on (kx, ky) ∈ B instead of just kx ∈ B. This applies to both the black and
the brown sublattices. Under such a transformation, the matrix function U
needs to satisfy a modified compatibility condition from Eq. (12) in order to
commute with the twisted Z2 action. Just as in the SSH model, the bulk-edge
correspondence must be formulated with respect to a choice of edge. The edge
selects for us a choice of unit cell with respect to which we take the twisted
Z2 action L−1 to be the glide reflection L
(1) with glide axis passing through
the middle of the unit cells with ny = 0; then V has the above By-independent
form.
Proposition 5.6. Let G be the nonsymmorphic wallpaper group pg with point
group F = Z2 and 2-cocycle ν. The topological phases of chiral and pg sym-
metric Hamiltonians are labelled by K1+ν̂
Z2
(B) with Z2 acting on B = T
2 by
(kx, ky) 7→ (kx,−ky). This group is isomorphic to Z ⊕ Z/2, with the torsion
phase represented by Up of Eq. (5) and a free generator represented by Ur.
Proof. K1+ν̂
Z2
(B) ∼= Z ⊕ Z/2 is computed in Section 7.1 via a Gysin sequence,
and Corollary 7.1 there shows that [Ur] can be taken to be a free generator. In
Section 7.2.2, the torsion part is shown to be detected by an analytic mod 2
index which is non-zero on the 2-torsion class [Up].
Definition 5.7. The bulk topological phase represented by Up as in Proposition
5.6 is called the Klein bottle phase.
This terminology is justified by the relationship between [Up] and the 2-
torsion homology cycle of the Klein bottle, explained in Section 7.3.
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6 Edge symmetries and topological invariants
6.1 Graded frieze group symmetry, graded twists, and the
edge index
Chiral symmetry can be generalised, as in [13], by considering graded groups,
i.e. a group Gc together with a surjective grading homomorphism c into the
two-element group,
1 −→ G −→ Gc
c
−→ Z2 −→ 1.
Then Gc is required to act on a graded Hilbert space, or sections of a graded
Hermitian vector bundle, in such a way that the even subgroup G =ker(c) acts
as even operators while the odd coset acts as odd operators. For example, the
G and chiral symmetry S can be combined into a single graded group Gc,
0 −→ G −→ Gc = G × Z2[S]
c=(0,id)
−→ Z2 −→ 1.
In general, the grading homomorphism need not be split. A simple example
is Eq. (6) which we rewrite as
0 −→ Z
×2
−→ Zc
c=(−1)(·)
−→ Z2 −→ 1.
The graded group Zc is generated by a glide reflection L which is given the odd
grading, and can be thought of as a generalisation of a 1D space group. Indeed,
a 1D glide axis for pg precisely enjoys such a generalised type of “graded”
symmetry! A glide axis is not a purely 1D concept, but comes with a notion
of having two sides which are exchanged by the glide reflection generating Zc
(see Fig. 9). A glide reflection precisely generates the frieze group p11g in the
crystallography literature [29]. Thus we gain the valuable insight that we need
not be limited to ordinary space groups when considering symmetries of lower-
dimensional boundaries in Euclidean space. This is in contrast to the viewpoint
in [53], where symmetries of surfaces in 3D are required to have a wallpaper
group of symmetries.
We wish to classify the possible zero modes, or representation spaces, which
can be consistent with Zc. We can Fourier transform with respect to the even
subgroup Z generated by Tx = L
2
−1, to get the 1D Brillouin zone Bx, on which
the dual action of the quotient “point group” F = Z2 is trivial. The group
2-cocycle ν is ν(−1,−1) = 1 ∈ Z so that ν̂(−1,−1)(kx) = e
ikx . Note that
this cocycle is essentially the same as our earlier cocycle defining pg (which was
valued in Zx ⊂ Z
2), which is why we re-use the notations ν and ν̂ here.
We obtain a graded vector bundle on which L−1 is an odd bundle map and
furnishes a ν̂-twisted Z2 action. The requirement of L to be odd is encoded by
the identity grading homomorphism F = Z2 → Z2, which we also denote by c.
This is an example of a (ν̂, c)-twisted F equivariant vector bundle over Bx, which
are classified by an equivariant K-theory group denoted K0+c+ν̂
Z2
(Bx). Strictly
speaking, such finite-rank twisted vector bundles represent elements of a “finite-
rank twisted equivariant K-theory” group K0+c+ν̂
Z2
(Bx)fin, but this turns out to
be isomorphic to the “true” K0+c+ν̂
Z2
(Bx) as explained in the next Subsection.
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We will show that the zero modes of a pg and chiral symmetric Hamiltonian
truncated along a glide axis, are “topologically protected” and have a mod 2
edge index in K0+c+ν̂
Z2
(Bx). This requires some preparation in the notion of
K-theory with graded equivariant twists.
We mention in passing that groups with gradings induced by reflections in
a hyperplane, their C∗-algebras, and equivariant K-theory, had been studied in
[47] in the context of positive scalar curvature metrics, and that related notions
appear in twisted equivariant KR-theory studied in [37].
6.2 Finite rank twisted equivariant K-theory K0+c+ν̂
Z2
(Bx)fin
Let us review the finite rank formulation of twisted equivariant K-theory [13,
16]. As in the above example, let Bx = R/2πZ be the circle with the trivial
Z2-action, c : Z2 → Z2 the identity homomorphism, and ν̂ the cocycle
ν̂(1, 1)(kx) = ν̂(1,−1)(kx) = ν̂(−1, 1)(kx) = 1, ν̂(−1,−1)(kx) = e
ikx . (13)
A (ν̂, c)-twisted Z2-equivariant vector bundle on Bx is a complex vector bundle
E → Bx equipped with a Z2-grading ǫ : E → E and a ν̂-twisted Z2-action
La : E → E such that ǫLa = c(a)Laǫ for a ∈ Z2. We say that a (ν̂, c)-twisted Z2-
equivariant vector bundle (E , ǫ, L) admits a compatible Cl1-action (or Clifford
action) if there is a vector bundle map
E
γ
−−−−→ E
π
y yπ
B B
such that
γ2 = 1, ǫγ = −γǫ, γLa = c(a)Laγ.
For such twisted bundles, there is an obvious notion of isomorphisms.
Let us write Vect
(ν̂,c)
Z2
(Bx) for the monoid of isomorphism classes of (ν̂, c)-
twisted Z2-equivariant vector bundles on Bx of finite rank, and Triv
(ν̂,c)
Z2
(Bx) for
the submonoid of those admitting compatible Cl1-actions. It can be shown that
the quotient monoid gives rise to an abelian group (reverse the grading to get
the inverse), which we denote by
K0+c+ν̂
Z2
(Bx)fin = Vect
(ν̂,c)
Z2
(Bx)/Triv
(ν̂,c)
Z2
(Bx),
and compute explicitly in Corollary 6.3. As it turns out, the “true” twisted
equivariantK-theory groupK0+c+ν̂
Z2
(Bx) achieves the same classification [45, 46].
To be more precise, there is a homomorphism K0+c+ν̂
Z2
(Bx)fin → K
0+c+ν̂
Z2
(Bx)
which is an isomorphism in this case.
In [46] (VIII, E, 2,pp. 29–30), the computation K0+c+ν̂
Z2
(Bx) ∼= Z/2 was car-
ried out. As explained later, there is a natural topological index map K1+ν̂
Z2
(B)→
K0+c+ν̂
Z2
(Bx) which is surjective, and therefore detects the pg and S symmetric
bulk topological phase corresponding to the 2-torsion element of K1+ν̂
Z2
(B).
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6.3 Fredholm formulation of K0+c+ν̂
Z2
(Bx)
Next, we review an infinite-dimensional formulation by using Fredholm oper-
ators. Let E → Bx be a (ν̂, c)-twisted vector bundle. We assume that E is a
Hermitian vector bundle, and the Z2-grading and the twisted group actions are
unitary. We can allow infinite-dimensional E . In this case, we assume that the
fibres are separable Hilbert spaces, and the structure group is the group of uni-
tary operators topologised by the compact-open topology in the sense of Atiyah
and Segal. Now, a (self-adjoint) Fredholm family on E is a vector bundle map
A : E → E such that:
• Akx = A
†
kx
is bounded for each kx ∈ Bx,
• A2kx − 1E|kx is compact for each kx ∈ Bx,
• SpecAkx ⊂ [−1, 1] for each kx ∈ Bx, and
• A is odd with respect to the Z2-grading:
Aǫ = −ǫA, ALa = c(a)LaA.
Regarding the continuity of A, we assume that the family of bounded opera-
tors Akx is continuous in the compact-open topology in the sense of Atiyah and
Segal, and that of compact operators A2kx − 1E|kx is continuous in the opera-
tor norm topology. From a general argument, there exists a locally universal
(ν̂, c)-twisted vector bundle Euniv on Bx, and any (ν̂, c)-twisted vector bundle
E (possibly infinite rank) can be embedded into Euniv. The space of invertible
Fredholm families on Euniv is non-empty and contractible. Considering the fi-
brewise homotopy classes of Fredholm families on Euniv, we get the Fredholm
formulation of the twisted K-theory
K0+c+ν̂
Z2
(Bx) = {A| Fredholm family on Euniv}/homotopy,
in which the zero element is represented by an invertible Fredholm family.
The (local) universality of Euniv leads to a homomorphism
ı : K0+c+ν̂
Z2
(Bx)fin → K
0+c+ν̂
Z2
(Bx).
Concretely, given a finite rank twisted bundle E , we have the trivial Fredholm
family A ≡ 0. An embedding E → Euniv, which is essentially unique, leads to
the orthogonal decomposition Euniv = E ⊕ E
⊥. The orthogonal complement E⊥
also has the local universality, so that there is an invertible Fredholm family
γ⊥ on E⊥ . Then, we get a Fredholm family 0 ⊕ γ⊥ on Euniv. The assignment
E 7→ 0⊕ γ⊥ induces the homomorphism ı.
As a matter of fact [46] (VIII, E, 2, page 29–30), we have
K0+c+ν̂
Z2
(Bx) ∼= Z/2.
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This computation is also given in the Appendix. Further, as is pointed out in
[16] (§§4.4), we also have K0+c+ν̂
Z2
(Bx)fin ∼= Z/2, and so the homomorphism ı in
this case is an isomorphism. We here provide the proof of this fact, which is not
detailed in [16].
Lemma 6.1. Any (ν̂, c)-twisted vector bundle on Bx of finite rank is isomorphic
to the product bundle Bx×C
2n with its Z2-grading ǫ and twisted action L−1 given
by
ǫ =
(
1Cn 0
0 −1Cn
)
, L−1 : (kx, ~ψ) 7→ (kx,
(
0 eikx1Cn
1Cn 0
)
~ψ).
Proof. Given such a twisted vector bundle E , the same argument as in the
previous section shows that its rank is an even number 2n. Any complex vector
bundle on a circle is topologically trivial, so that we can assume E = Bx ×C
2n.
Because of the anti-commutation relation ǫL−1 = −L−1ǫ, the eigenspaces of ǫ
have the same multiplicity. Hence we can assume that the Z2-grading ǫ is as
stated. We can also assume that L1 : E → E is the identity. Now, let us express
L−1 : E → E as
L−1 : (kx, ~ψ) 7→ (kx, U(kx)~ψ)
by using a map U : Bx → U(2n). The anti-commutation relation ǫL−1 = −L−1ǫ
allows us to express U(kx) as
U(kx) =
(
0 B(kx)
C(kx) 0
)
.
Because L is a twisted action, it must hold that U(kx)U(kx) = e
ikx , which is
equivalent to the constraint B(kx)C(kx) = C(kx)B(kx) = e
ikx . Hence we have
B(kx) = e
ikxC(kx)
−1. Since(
1 0
0 C(kx)
−1
)(
0 eikxC(kx)
−1
C(kx) 0
)(
1 0
0 C(kx)
)
=
(
0 eikx
1 0
)
,
this twisted vector bundle is isomorphic to the one in this lemma.
Proposition 6.2. A (ν̂, c)-twisted vector bundle E → Bx of finite rank admits
a compatible Cl1-action if and only if dim E ∈ 4N.
Proof. Without loss of generality, we can assume that E is as realised in Lemma
6.1. If such E admits a compatible Cl1-action γ, then it is of the form
γ : (kx, ~ψ) 7→ (kx,
(
0 A(kx)
−1
A(kx) 0
)
~ψ),
where A : Bx → U(n) is a map. The anti-commutation relation L−1γ = −γL−1
is equivalent to A(kx)
2 = eikx . Taking the determinant and its degree around
the circle, we get
2 deg detA = n.
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Hence dim E = 2n ∈ 4Z. Conversely, if n = 2m is even, then we set
A(kx) =
(
0 eikx
1 0
)
.
This constructs a compatible Cl1-action γ.
From the definition of K0+c+ν̂
Z2
(Bx)fin, it follows that:
Corollary 6.3. The assignment
[E ] 7→
1
2
dim E mod 2
realises an isomorphism K0+c+ν̂
Z2
(Bx)fin ∼= Z/2.
In view of the construction of ı, it also follows that:
Corollary 6.4. Any Fredholm family on a (ν̂, c)-twisted vector bundle E → Bx
is homotopic to a family A such that the family of vector spaces KerA =⋃
kx
KerAkx gives rise to a (ν̂, c)-twisted vector bundle. Furthermore, an iso-
morphism K0+c+ν̂
Z2
(Bx) ∼= Z/2 is realised by the assignment
[A] 7→
1
2
dimKerAkx mod 2,
where kx ∈ Bx is any point.
6.4 Karoubi formulation of K0+c+ν̂
Z2
(Bx)
Karoubi’s formulations are reviewed here, which play a key role in the construc-
tion of the “index” of our interests.
In the present context, a (Karoubi) triple (E , η0, η1) on Bx consists of a finite
rank ν̂-twisted vector bundle (E , L) on Bx such that (E , η0, L) and (E , η1, L) are
(ν̂, c)-twisted vector bundles. We write M
(ν̂,c)
Z2
(Bx) for the monoid of isomor-
phism classes of triples (E , η0, η1), and Z
(ν̂,c)
Z2
(Bx) for its submonoid consisting
of isomorphism classes of triples (E , η0, η1) such that there is a homotopy ηt of
Z2-gradings between η0 and η1 and (E , ηt, L) is a (ν̂, c)-twisted vector bundle for
each t ∈ [0, 1]. As before, the quotient monoid gives rise to an abelian group,
which we denote by
K
0+c+ν̂
Z2
(Bx)fin = M
(ν̂,c)
Z2
(Bx)/Z
(ν̂,c)
Z2
(Bx).
Let Euniv = (Euniv, ǫuniv, Luniv) be the locally universal (ν̂, c)-twisted vector
bundle on Bx. We write G
0+c+ν̂
Z2
(Euniv) for the space of Z2-gradings (self-adjoint
involutions) η on Euniv such that (Euniv, η, Luniv) are (ν̂, c)-twisted vector bundles
and η − ǫuniv are compact operators on fibres. We topologise G
0+c+ν̂
Z2
(Euniv) by
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using the operator norm topology. Considering the homotopy ∼ within such
Z2-gradings as above, we can define an abelian group
K
0+c+ν̂
Z2
(Bx) = G
0+c+ν̂
Z2
(Euniv)/ ∼ .
The two Karoubi’s formulations (finite-dimensional and infinite-dimensional)
are related as follows: Given a triple (E , η0, η1), we take η1 as a Z2-grading
to embedded the (ν̂, c)-twisted vector bundle (E, η1) into the universal bundle
(Euniv, ǫuniv). The embedding induces the orthogonal decomposition Euniv =
E ⊕ E⊥, and also the decomposition of the Z2-grading ǫuniv = η1 ⊕ ǫ
⊥. Now,
η0 ⊕ ǫ
⊥ is a Z2-grading on Euniv, and the assignment (E, η0, η1) 7→ η0 ⊕ ǫ
⊥
induces a well-defined homomorphism
 : K 0+c+ν̂
Z2
(Bx)fin −→ K
0+c+ν̂
Z2
(Bx).
It can be shown [16] that  above is bijective.
The infinite-dimensional Karoubi formulation and the Fredholm formulation
are related by a homomorphism
ϑ : K0+c+ν̂
Z2
(Bx) −→ K
0+c+ν̂
Z2
(Bx).
This is induced from
ϑ(A) = −eπAǫunivǫuniv
and is also bijective, see Section 4 of [16].
In terms of these formulations, the Z/2-invariants are described as follows:
Lemma 6.5. The following holds true.
(a) The isomorphism K 0+c+ν̂
Z2
(Bx) ∼= Z/2 is induced from the assignment
η = {ηkx}kx∈Bx 7→ dim
(
Ker
1− ηkx
2
∩Ker
1 + ǫuniv
2
)
mod 2,
where kx ∈ Bx is any point.
(b) The isomorphism K 0+c+ν̂
Z2
(Bx)fin ∼= Z/2 is induced from the assignment
(E , η0, η1) 7→ dim
(
Ker
1− (η0)kx
2
∩Ker
1 + (η1)kx
2
)
mod 2,
where kx ∈ Bx is any point.
Proof. For a Fredholm family A = {Akx}kx∈Bx on (Euniv, ǫuniv) representing an
element of K0+c+ν̂
Z2
(Bx), we have
KerAkx ∩Ker
1 + ǫuniv
2
= Ker
1− ϑ(Akx)
2
∩Ker
1 + ǫuniv
2
,
KerAkx ∩Ker
1− ǫuniv
2
= Ker
1 + ϑ(Akx)
2
∩Ker
1− ǫuniv
2
.
In showing these identifications, we use the fact that eiAkxψ = ψ if and only if
Akxψ = 0. The “if” part is clear, while the converse follows from Proposition
6.6 below. Therefore Corollary 6.4 proves (a). In view of the construction of
the isomorphism , (b) follows from (a).
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Proposition 6.6. Let A be a bounded self-adjoint operator on a separable
infinite-dimensional Hilbert space H , such that Spec(A) ⊂ [−1, 1] and A2 − 1
is compact. If v ∈ H satisfies eπiAv = v, then v ∈ KerA.
Proof. Let {E(λ)}λ∈R be the resolution of the identity associated to the bounded
self-adjoint operator A. From the hypothesis, we have
0 = ‖(1− eπiA)v‖ =
∫
[−1,1]
|1− eπiλ|d‖E(λ)v‖.
On the region of λ such that |1− eπiλ| = 0, the contribution of the integrand is
trivial (zero). Because Spec(A) ⊂ [−1, 1], we have |1 − eπiλ| = 0 if and only if
λ = 0. Thus, we can write
0 =
∫
[−1,1]\{0}
|1− eπiλ|d‖E(λ)v‖.
Because the integrand is non-negative, it follows that ‖E([−1, 1]\{0})v‖ =
0. In view of the definition of the resolution of the identity, we can identify
E([−1, 1]\{0}) with the orthogonal projection onto the orthogonal complement
of KerA. In other words, we haveE(0)v = v, in which E(0) = 1−E([−1, 1]\{0})
is the orthogonal projection onto KerA. Therefore we can conclude that v =
E(0)v ∈ KerA.
To summarise, we have the following homomorphisms
K0+c+ν̂
Z2
(Bx)fin
ı
−−−−→
∼=
K0+c+ν̂
Z2
(Bx)
∼=
yϑ
K
0+c+ν̂
Z2
(Bx)fin

−−−−→
∼=
K
0+c+ν̂
Z2
(Bx).
Since ı is isomorphic in the present case, the composition
−1 ◦ ϑ ◦ ı : K0+c+ν̂
Z2
(Bx)fin → K
0+c+ν̂
Z2
(Bx)fin,
is also an isomorphism. We can readily see that, given a finite rank (ν̂, c)-
twisted vector bundle E with its Z2-grading ǫ, the triple representing its image
under −1 ◦ ϑ ◦ ı is (E ,−ǫ, ǫ). In particular, applying this construction to the
(ν̂, c)-twisted vector bundle (E , ǫ, L) of rank 2 in Lemma 6.1, we conclude that
the non-trivial element in K 0+c+ν̂
Z2
(Bx)fin ∼= Z/2 is represented by the triple
(E ,−ǫ, ǫ) on the rank 2 bundle E .
6.5 Local formula for K0+c+ν̂
Z2
(Bx) ∼= Z/2
The implication of K0+c+ν̂
Z2
(Bx) ∼= K
0+c+ν̂
Z2
(Bx)fin ∼= K
0+c+ν̂
Z2
(Bx)fin ∼= Z/2 is
that there are two distinct topological phases in the 1-dimensional gapped quan-
tum systems described by 2 by 2 Hamiltonians H(kx) subject to
H(kx)V (kx) = −V (kx)H(kx) (14)
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with respect to the symmetry V (kx) such that V (kx)V (kx) = e
ikx . In particular,
H1(kx) = ǫ and H2(kx) = −ǫ represent the distinct phases [45], although this
should be understood in the relative sense, cf. the dimerised SSH model phases
and [50]. More precisely, H1 and H2 both represent the non-trivial class in
K0+c+ν̂
Z2
(Bx)fin, but they are not homotopic — the obstruction to the latter is
encoded by the nontrivial Karoubi triple (E ,−ǫ, ǫ). However, ǫ⊕ ǫ and −ǫ⊕−ǫ
are homotopic because of the relation 2[E , ǫ,−ǫ] = 0 on K-theory classes. Thus
the obstruction between H1 and H2 is 2-torsion; alternatively, H1 ⊕H1(kx) =
ǫ⊕ ǫ trivialises in K0+c+ν̂
Z2
(Bx)fin by Proposition 6.2.
For a generalH(kx), let us now provide a local integral formula for computing
its Z/2-invariant, based on the idea in [45]. Without loss of generality, we can
assume that V (kx) is of the form
V (kx) =
(
0 eikx
1 0
)
.
By Eq. (14), the self-adjoint matrixH(kx) is trace free. Therefore we can express
H(kx) as
H(kx) =
(
a(kx) b(kx)
b(kx) −a(kx)
)
(15)
by using a : Bx → R and b : Bx → C. Eq. (14) also leads to b(kx) = −e
ikxb(kx).
Because detH(kx) 6= 0, we have a(kx)
2+ |b(kx)|
2 6= 0. As a result, we can define
a map
ζ : R/2πZ→ U(1), ζ(ℓ) =
a(2ℓ) + eiℓb(2ℓ)
|a(2ℓ) + eiℓb(2ℓ)|
.
With R/2πZ given the involution ℓ 7→ ℓ+ π and U(1) the complex conjugation
involution, ζ is Z2-equivariant in the sense that ζ(ℓ + π) = ζ(ℓ). Up to homo-
topy, such maps are classified by the equivariant cohomologyH1
Z2
(R/2πZ;Z(1)),
where Z(1) denotes local coefficients Z with involution given by negation. It is
known [11] that H1
Z2
(R/2πZ;Z(1)) ∼= Z/2. To see this fact, we can appeal
to a direct analysis: A continuous equivariant map ζ : R/2πZ → U(1) has
the trivial winding number around the circle. Hence ζ admits an expression
ζ(ℓ) = exp 2πif(ℓ) in terms of a continuous map f : R → R with the period-
icity f(ℓ + 2π) = f(ℓ). Note that f is not unique, but ζ(ℓ) = exp 2πif(ℓ) =
exp 2πif ′(ℓ) if and only if f ′(ℓ)− f(ℓ) = n for an integer n ∈ Z. The condition
ζ(ℓ + π) = ζ(ℓ) is equivalent to f(ℓ) + f(ℓ + π) = m for an integer m ∈ Z.
Considering the Fourier expansion of f , we can see that ζ is equivariantly ho-
motopic to the constant map at eπim ∈ Z2. As a result, an invariant in Z/2
detecting the equivariant homotopy class of ζ (and hence H) is given by
Z/2 ∋ µ(ζ) = µ(H) := m =
1
π
∫ 2π
0
f(ℓ)dℓ =
1
π
∫ 2π
0
1
2πi
log ζ(ℓ)dℓ mod 2Z.
It should be noticed that the nature of this Z/2-invariant is relative rather than
absolute: In constructing the invariant µ ∈ Z/2, a number of choices, such as
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a presentation of H in terms of a and b, are made (we could, e.g. replace a
by −a in Eq. (15)). These choices can change the value of µ ∈ Z/2, so that
there is no absolute meaning of µ(H) as an invariant of H . However, once the
choices are fixed, µ(H) − µ(H ′) ∈ Z/2 is capable of detecting the difference of
the equivariant homotopy classes of H and H ′.
7 Construction of Z/2 bulk-edge index map
7.1 Topological bulk-edge Gysin map
Over Bx is the trivial “Real” line bundle C˜ = Bx × C in the sense of Atiyah,
whose involution is (kx, z) 7→ (kx, z¯). Then we have the following form of the
Thom isomorphism theorem
Kn+c+ν̂
Z2
(Bx) ∼= K
n+ν̂
Z2
(D(C˜), S(C˜)),
where D(C˜) is the unit disk bundle of C˜, and S(C˜) the unit circle bundle.
As a space with Z2-action, the disk bundle D(C˜) is equivariantly homotopy
equivalent to Bx, and S(C˜) is nothing but the torus Bx × By. Thus, the long
exact sequence for the pair (D(C˜), S(C˜)) leads to the Gysin exact sequence
Z⊕Z/2︷ ︸︸ ︷
K1+ν̂
Z2
(Bx × By)
π∗
←−−−−
Z︷ ︸︸ ︷
K1+ν̂
Z2
(Bx) ←−−−−
0︷ ︸︸ ︷
K1+c+ν̂
Z2
(Bx)
π∗
y xπ∗
K0+c+ν̂
Z2
(Bx)︸ ︷︷ ︸
Z/2
−−−−→ K0+ν̂
Z2
(Bx)︸ ︷︷ ︸
Z
−−−−→
π∗
K0+ν̂
Z2
(Bx × By)︸ ︷︷ ︸
Z
,
which is split due to the existence of a Z2-equivariant section of the circle bundle
π : Bx ×By → Bx (here By is equivariantly collapsed under π to one of its fixed
points). Thus K1+ν̂
Z2
(Bx × By) ∼= Z⊕ Z/2 with a free generator the pullback of
a generator for K1+ν̂
Z2
(Bx) ∼= Z.
We can exhibit a generator for K1+ν̂
Z2
(Bx) as follows (cf. VIII.D.3-4 of [46]).
The proof of Corollary 5.3 also shows that K0+ν̂
Z2
(Bx) ∼= Z is generated by the
trivial bundle Eˇreg = Bx × C
2 with twisted Z2-action given by
L−1 : (kx, ~ψ) 7→ (kx, V (kx)~ψ) = (kx,
(
0 eikx
1 0
)
~ψ)
(any twisted bundle has trivial underlying complex bundle by the low dimension
of By). Elements of K
1+ν̂
Z2
(Bx) ∼= Z are represented by automorphisms Uˇ of
direct sums of copies of Eˇreg. The degree
K1+ν̂
Z2
(Bx)→ Z, Uˇ 7→ deg det Uˇ
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is an isomorphism, since the automorphism Uˇr of Eˇreg given by Uˇr(kx) =
V (kx) =
(
0 eikx
1 0
)
already has degree −1. Thus [Uˇr] generates K
1+ν̂
Z2
(Bx).
The pullback π∗Eˇreg is just Ereg → B with the twisted action Eq. (10), on
which the pullback automorphism π∗Uˇr is just Ur =
(
0 ux
1 0
)
of Eq. (5). Thus
Corollary 7.1. K1+ν̂
Z2
(Bx × By) ∼= Z[Ur]⊕ Z/2.
The topological push-forward π∗ : K
1+ν̂
Z2
(Bx ×By)→ K
0+c+ν̂
Z2
(Bx) kills [Ur],
but detects the torsion part. We would like to have an explicit description of
π∗ as an analytic index map. We will further show that Up =
(
uy 0
0 uy
)
indeed
represents the non-trivial 2-torsion element of K1+ν̂
Z2
(Bx × By).
7.2 Analytic bulk-edge map
Input and output for analytic push-forward
The input for the push-forward map is an element of K1+ν̂
Z2
(Bx ×By), specified
by V, U as in Eq. (11)-(12).
As the output, we consider a representative of the infinite-dimensional Karoubi
formulation K 0+c+ν̂
Z2
(Bx). That is,
• a separable infinite-dimensional Hilbert space Hy,
• a Z2-grading ǫ on Hy such that Ker
1±ǫ
2 are both infinite-dimensional,
• a map V˜ : Bx → U(Hy) such that
V˜ (kx)ǫ = −ǫV˜ (kx), V˜ (kx)V˜ (kx) = e
ikx1Hy ,
We require that V˜ is continuous with respect to the compact-open topol-
ogy in the sense of Atiyah and Segal.
• a family of self-adjoint involutions η = {η(kx)}kx∈Bx such that η(kx) − ǫ
is compact for each kx ∈ Bx and
V˜ (kx)η(kx) = −η(kx)V˜ (kx).
We assume that the family is continuous in kx with respect to the operator
norm topology.
We remark that Hy×Bx gives rise to a locally universal (ν̂, c)-twisted bundle
over Bx by the Z2-grading ǫ and the twisted Z2-action V˜ .
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7.2.1 Main construction
Suppose that the input “bulk” data
V : Bx → U(2n), U : Bx × By → U(2n)
such that
V (kx)V (kx) = e
ikx1C2n , V (kx)U(kx, ky) = U(kx,−ky)V (kx)
are given. We construct the output “edge” data as follows:
1. We define the separable infinite-dimensional Hilbert space Hy = L
2(By)⊗
C2n
2. We define a Z2-grading ǫ on Hy by
Ker
1 + ǫ
2
=
⊕̂
l≤−1
Culy ⊗ C
2n,
Ker
1− ǫ
2
=
⊕̂
l≥0
Culy ⊗ C
2n.
3. We define a twisted Z2-action as follows: LetMV (kx) and I be the following
unitary operators (the multiplication with V (kx) and the inversion):
MV (kx) : Hy → Hy , (MV (kx)ψ)(ky) = V (kx)ψ(ky),
I : Hy → Hy , (Iψ)(ky) = ψ(−ky).
We then define V˜ : Bx → U(Hy) by
V˜ (kx) = MuyV (kx)I = IMuyV (kx).
This definition is designed for V˜ to effect glide reflections along a specified
edge, see Remark 5.4, and we have
V˜ (kx)ǫ = −ǫV˜ (kx), V˜ (kx)V˜ (kx) = e
ikx1Hy .
4. We define a family of self-adjoint involutions η(kx) as follows. A direct
computation shows that
V˜ (kx)MU(kx,·)V˜ (kx)
† =MU(kx,·).
The continuous family of self-adjoint operators
kx 7→ η(kx) : Hy → Hy, η(kx) = M
†
U(kx,·)
ǫMU(kx,·)
is such that η(kx)− ǫ is compact (Lemma 7.3) and the anti-commutation
relation
V˜ (kx)η(kx) = −η(kx)V˜ (kx)
holds.
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The construction above gives a representative η of K 0+c+ν̂
Z2
(Bx) in the infinite-
dimensional Karoubi formulation. As shown in Lemma 6.5, the Z/2-invariant
for η is given by
dim
(
Ker
1− η(kx)
2
∩Ker
1 + ǫ
2
)
mod 2.
We call this the analytic Z/2 invariant for U (relative to V ).
The dimension above has an alternative description in terms of Toeplitz
operators. To give it, we note that
H
+
y = Ker
1− ǫ
2
=
⊕̂
l≥0
Culy ⊗ C
2n.
is the Hardy space H2 ⊂ L2(By)⊗ C
2n, and we let
P+ : L
2(By)⊗ C
2n → H2,
∑
l∈Z
uly ⊗ v 7→
∑
l≥0
uly ⊗ v
be the projection to Hardy space, and P− the projection onto the complementary
subspace H −y in Hy. Then the adjoint P
†
+ : H
2 → L2(By) is the inclusion. We
define the kx-dependent family of Toeplitz operators associated to U by
TU (kx) : H
+
y → H
+
y , TU (kx) = P+MU(kx,·)P
†
+.
Similarly, there is a family of “lower half-plane” Toeplitz operators
T ′U (kx) : H
−
y → H
−
y , T
′
U (kx) = P−MU(kx,·)P
†
−.
Proposition 7.2. The analytic Z/2-invariant of an element in K1+ν̂
Z2
(Bx×By)
described by V (kx) and U(kx, ky) can be computed as
dimKerTU (kx) mod 2,
or equivalently as
dimKerT ′U (kx) mod 2,
where kx is any point in Bx.
Proof. Recall that η(kx) = M
†
U(kx,·)
ǫMU(kx,·). According to the decomposition
Hy = Ker
1−ǫ
2 ⊕Ker
1+ǫ
2 , we can express MU(kx,·) in the following block matrix
MU(kx,·) =
(
P+MU(kx,·)P
†
+ P+MU(kx,·)P
†
−
P−MU(kx,·)P
†
+ P−MU(kx,·)P
†
−
)
.
This expression helps us to verify that
Ker
1 + η(kx)
2
∩Ker
1− ǫ
2
= KerP+MU(kx,·)P
†
+ = KerTU (kx),
so for any kx ∈ Bx, we have
dim
(
Ker
1 + η(kx)
2
∩Ker
1− ǫ
2
)
= dimKerTU (kx).
Because of the twisted Z2-action, we also have that the Z/2 invariant for η is
dim
(
Ker
1− η(kx)
2
∩Ker
1 + ǫ
2
)
= dim
(
Ker
1 + η(kx)
2
∩Ker
1− ǫ
2
)
= dimKerT ′U (kx).
and the Proposition is established.
Finally, we give a short computation to verify the following, used in part 4
of the main construction.
Lemma 7.3. For each kx ∈ Bx, η(kx)− ǫ is a compact operator on Hy.
Proof. The continuous function ky 7→ U(kx, ·) can be approximated by linear
combinations of the exponentials uly : ky 7→ e
ilky . The multiplication operator
MU(kx,·) is thus norm-approximated by the operator of multiplication by such
linear combinations. It is easy to see that P+MulyP
†
− takes the basis functions u
l′
y
to ul+l
′
y for l
′ = −l, . . . ,−1 and is zero otherwise, so it is a finite-rank operator.
Then P+MU(kx,·)P
†
− is a limit of finite-rank operators and is thus compact. A
similar argument shows that P−MU (kx, ·)P
†
+ is compact. Working modulo the
ideal of compact operators, we can rewrite
η(kx)− ǫ =
(
TU†(kx) 0
0 T ′U†(kx)
)(
1 0
0 −1
)(
TU (kx) 0
0 T ′U (kx)
)
−
(
1 0
0 −1
)
=
(
TU†(kx)TU (kx) 0
0 −T ′U†(kx)T
′
U (kx)
)
−
(
1 0
0 −1
)
which is compact on Hy, because TW †TW − 1 = TW †TW − TW †W is a com-
pact operator for any continuous symbol W (e.g. 3.5.9-10 of [38] generalised to
matrix-valued symbols).
Examples
Thanks to Proposition 7.2 above, we can readily compute the analytic Z/2
indices for the basic examples in our model: Let us consider V : Bx → U(2)
given by
V (kx) =
(
0 eikx
1 0
)
.
• For Ur(kx, ky) = V (kx), we have KerTUr(kx) = 0 since it has no By
dependence, and its Z/2-index is trivial.
• For U = Up : Bx × By → U(2) given by
Up(kx, ky) =
(
eiky 0
0 e−iky
)
,
we have dimKerTUp(kx) = 1, and its Z/2-index is non-trivial.
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Let f+ ∈ KerTU (kx) ⊂ H
+
y , which is equivalent to MU(kx)f
+ ∈ H −y . Since V˜
is an odd operator, we have
MU(kx)V˜ (kx)f
+ = V˜ (kx)MU(kx)f
+ ∈ H +y
so that V˜ (kx)f
+ ∈ KerT ′U (kx) ⊂ H
−
y . Similarly, V˜ (kx)f
− ∈ KerTU (kx) for
f− ∈ KerTU (kx)
−. Thus we see that V˜ (kx) restricts to the graded Hilbert
subspace KerTU (kx)⊕KerT
′
U (kx).
In the case U = Up, the Toeplitz families T (kx), T
′(kx) do not depend on kx
at all, and their kernels correspond to the dangling
`
and ` modes above and
below the edge, respectively, as illustrated in Fig. 8. When we take the direct
integral over Bx, the operator L−1 =
∫ ⊕
Bx
V˜ becomes an odd “nonsymmorphic
chiral” symmetry for the graded Hilbert space of zero modes
∫ ⊕
Bx
KerTU (kx)⊕∫ ⊕
Bx
KerT ′U (kx)
∼= L2(Bx) ⊕ L
2(Bx). This Hilbert space of (brown) edge zero
modes coincides with He,brown of Section 4.2, which was constructed on heuristic
grounds. He,brown, together with the grading and L−1, is the section space of
the basic (ν̂, c)-twisted bundle over Bx of Lemma 6.1 (the n = 1 case there).
Remark 7.4. For a general U(kx, ·) which depends on kx, the dimension of the
kernel of TU (kx) may vary with kx, but its mod 2 dimension is invariant.
7.2.2 Index theorem for twisted family of Toeplitz operators
To summarise, the input data U, V give rise to a “twisted family” of Toeplitz
operators TU (kx), and we have
Theorem 7.1. The topological push-forward map in the Gysin exact sequence
π∗ : K
1+ν̂
Z2
(Bx × By)→ K
0+c+ν̂
Z2
(Bx) ∼= Z/2
is induced from the assignment π′∗ to the input data U , V , of the mod 2 dimen-
sion of the kernel of the Toeplitz operator TU (kx) associated to U ,
dimKerTU (kx) mod 2
where kx ∈ Bx is any point.
Proof. It is straightforward to see that π′∗ is a well-defined homomorphism on the
classes [U ] ∈ K1+ν̂
Z2
(Bx ×By). We saw that the free generator Ur of K
1+ν̂
Z2
(Bx ×
By) has trivial Z/2-index, so π
′
∗ kills [Ur] just as π∗ did. Furthermore, the
computation that
Up(kx, ky) =
(
eiky 0
0 e−iky
)
,
has nontrivial Z/2-index shows that π′∗ surjective, hence π
′
∗ agrees with π∗.
This generalises the classical index theorem for Toeplitz operators, Theorem
2.1, to a twisted family of Toeplitz operators parametrised by a compact 1D
circle.
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Since we can add a free element Ur to Up without changing its Z/2-index, we
should show explicitly that 2[Up] = [Up ⊕ Up] = [1] in K-theory. The required
homotopy is(
Up 0
0 1
)(
cos t −V sin t
V sin t cos t
)(
1 0
0 Up
)(
cos t V † sin t
−V † sin t cos t
)
, t ∈ [0,
π
2
].
Note that the condition
(V ⊕ V )(kx)U(kx, ky) = U(kx,−ky)(V ⊕ V )(kx)
holds throughout the homotopy. At t = 0, we start off with the direct sum of
two copies of Up, but at t =
π
2 , this becomes(
UpV UpV
† 0
0 1
)
=
(
UpU
−1
p 0
0 1
)
= 1.
Similarly, Proposition 6.2 shows that two copies of the Hilbert space of brown
(or black) edge modes for Up trivialises in K-theory.
7.3 Klein bottle phase via Baum–Connes isomorphism
The existence of a Z/2 bulk phase for pg-symmetric Hamiltonians can also be
deduced by computing the K-theory of the (reduced) group C∗-algebra C∗(pg).
A concrete description of C∗(pg) may be found in [48] and VII.4 of [9]. The
twisted vector bundles of Section 5.2 arising from a nonsymmorphic space group
G were classified byK0+ν̂F (B)fin, which also turns out to be K
0+ν̂
F (B) ([13], Prop.
3.14 of [16]), but we can instead compute the operator K-theory of C∗(G ) [49]
— this is justified by a twisted Green–Julg theorem ([31] Theorem 4.10).
The Baum–Connes conjecture is verified for space groups G , so that the
assembly map µ : KG• (EG ) → K•(C
∗(G )) is an isomorphism. Here EG is the
universal proper G -space which can be taken to be Euclidean space Ed since it
is contractible and G acts on it with finite isotropy. Furthermore, Zd acts freely
on Ed, so KG• (E
d) ∼= KF• (T
d), and the latter can be computed using a spectral
sequence to Bredon homology groups [51]. The computation of K•(C
∗(G )) was
carried out for all the 2D wallpaper groups in [33], and we give an independent
computation of K•(C
∗(pg)) in Appendix B.
The Baum–Connes isomorphism above is particularly useful for the case G =
pg which acts freely on E2, so that in fact Kpg• (E
2) ∼= K•(Bpg) = K•(K) where
the classifying space Bpg = Epg/pg = Ed/pg is the Klein bottle K. Thus the
computation of K•(C
∗(pg)) reduces to that of K•(K). By low-dimensionality of
K, we simply have the ordinary homology H•(K) ∼= K•(K) (e.g. Lemma 4.1 of
[36]). For • = 1, this easily gives Z⊕ Z/2 (e.g. we can abelianise π1(K) = pg).
The Z/2 factor coming from the unorientable cycle (indicated by a double arrow
in Fig. 4) corresponds to the Z/2 “Klein bottle” phase constructed in this paper.
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7.3.1 A crystallographic T-duality
We can Poincare´ dualiseK•(K) ∼= K
•+o(K) ∼= K•+o˜Z2 (T
2
free), where o ∈ H
1(K,Z2)
is twisting by the orientation bundle of K and o˜ ∈ H1
Z2
(T2free,Z2) is the corre-
sponding equivariant twist for the 2-torus T2free with free involution (double-
covering K). Then we get the “crystallographic T-duality” isomorphism
K•+o˜
Z2
(T2free)
∼= K•+ν̂Z2 (B).
In T2free, there is an F -invariant circle Tfree on which F acts freely (actually
two such circles). Let ι be the inclusion of Tfree in T
2
free, then the restriction
o˘ ≡ ι∗o˜ is an equivariant twist in H1
Z2
(Tfree,Z2). There is in fact also a T-duality
K•+o˘
Z2
(Tfree) ∼= K
•+1+c+ν̂
Z2
(Bx),
based on the case without H1 twists in [17, 44]. The interpretation of the left-
hand-side (Tfree, o˘) is that Tfree is the classifying space for the even subgroup
2Z ⊂ Zc while o˘ is a “grading Z2-bundle” which has a reversal of grading after
going around Tfree half-way (translation by the generator of Zc). The right-
hand-side is the momentum space picture — Bx is the Pontryagin dual of the
even subgroup 2Z on which Z2 acts dually and with a graded twist by (ν̂, c).
We may then verify through explicit computations that the following dia-
gram commutes (for • = 1, only the torsion subgroups survive in the vertical
maps, while for • = 0 they are trivial):
K•+o˜
Z2
(T2free)
ι∗

∼
T
// K•+ν̂
Z2
(B)
π∗

K•+o˘
Z2
(Tfree)
∼
T
// K•+1+c+ν̂
Z2
(Bx)
Thus we verify that the bulk-boundary homomorphism (the Gysin map π∗ of
Sec. 7.1) in the momentum space picture is T-dual to the geometrical restriction
ι∗ in the position space picture, as is intuitively “obvious” and in the same vein
as the results in [21]. In [18] we show further that “crystallographic T-dualities”
exist for any crystallographic space group, and just as for pg, graded twists are
essential in their formulation.
Outlook
The motivation for Theorem 7.1 came from studying pg symmetric Hamilto-
nians, trying to find the appropriate topological bulk and edge invariants, and
realising the bulk-edge correspondence through an index theorem. The wall-
paper group pg is particularly nice because it acts freely on Euclidean space.
Physically, this means that the Wyckoff positions (the positioning of
`
, ` in
Euclidean space) are not too important since there are no special positions to
consider.
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For 3D space groups, there are nine other examples of space groups that
act without fixed points (the Bieberbach groups), excluding the case of Z3 with
trivial point group. The methods of this paper should yield similar index the-
orems for the resulting “twisted families” of Toeplitz operators parametrised
by a 2-torus. One important simplification that occurred in our low-dimension
(1D) case is that the edge twisted vector bundles are trivial as complex vector
bundles. This need not be the case in 2D and higher, and already in the case
of ordinary 2D families of Toeplitz operators, the index bundle in K0(X) is not
necessarily determined from data at a single point.
We have also given a glimpse of “crystallographic T-duality” in the case
of G = pg, which was guided by the physical intuition of the bulk-boundary
correspondence. In a subsequent work [18], we study such new dualities for
general space groups, where further interesting phenomena arise.
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A Appendix: Computation of K•+ν̂
Z2
(B) and K•+c+ν̂
Z2
(Bx)
Computation of K•+ν̂
Z2
(B)
Let By = R/2πZ be the circle with the involution ky 7→ −ky, and R(Z2) =
Z[t]/(1 − t2) be the representation ring of Z2 with t the sign representation.
The following result is known, for example, in [34]:
Lemma A.1. We have the following identifications of R(Z2)-modules
K0Z2(By)
∼=
Z
2︷ ︸︸ ︷
R(Z2)⊕
Z︷ ︸︸ ︷
(1− t), K1Z2(By) = 0.
Proof. To apply the Mayer–Vietoris exact sequence, let us consider the Z2-
invariant subspaces U and V given by
U = {ky ∈ By| − π/2 ≤ ky ≤ π/2}, V = {ky ∈ By| π/2 ≤ ky ≤ 3π/2}.
These spaces are equivariantly contractible, so that
KnZ2(U)
∼= KnZ2(V )
∼= KnZ2(pt)
∼=
{
R(Z2) (n = 0),
0 (n = 1).
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The intersection U ∩ V is the space consisting of two points with free action of
Z2, so that
KnZ2(U ∩ V )
∼= KnZ2(pt ⊔ pt)
∼= Kn(pt) ∼=
{
Z (n = 0),
0 (n = 1).
Now, the Mayer–Vietoris exact sequence is
0︷ ︸︸ ︷
K1Z2(U ∩ V ) ←−−−−
0︷ ︸︸ ︷
K1Z2(U)⊕K
1
Z2
(V ) ←−−−− K1
Z2
(By)y x
K0
Z2
(By) −−−−→ K
0
Z2
(U)︸ ︷︷ ︸
R(Z2)
⊕K0Z2(V )︸ ︷︷ ︸
R(Z2)
∆
−−−−→ K0Z2(U ∩ V )︸ ︷︷ ︸
Z
.
The homomorphism ∆ is realised as ∆(u, v) = i∗Uu− i
∗
V v, where i
∗
U and i
∗
V are
induced from the inclusions iU : U ∩ V → U and iV : U ∩ V → V . In the
present case, we can identify i∗U as well as i
∗
V with the “dimension” R(Z2)→ Z
given by f(t) 7→ f(1). This is surjective, and so is ∆. As a result, we get
K1
Z2
(By) ∼= Coker(∆) = 0. We also get K
0
Z2
(Bx) ∼= Ker(∆) ∼= Z
3. As a basis of
this abelian group, we can choose
{(1, 1), (t, t), (0, 1− t)} ⊂ R(Z2)⊕R(Z2).
The former two base elements generate the R(Z2)-module R(Z2), whereas the
latter element (0, 1− t) generates the R(Z2)-module (1− t).
Let B = Bx × By be the 2-dimensional torus (R/2πZ) × (R/2πZ) with the
Z2-action (kx, ky) 7→ (kx,−ky), and ν̂ ∈ Z
2(Z2, C(B, U(1))) the group 2-cocycle
(7) induced from the wallpaper group pg.
Proposition A.2. We have the following identifications of R(Z2)-modules
K0+ν̂
Z2
(B) ∼=
Z︷ ︸︸ ︷
(1 + t), K1+ν̂
Z2
(B) ∼=
Z︷ ︸︸ ︷
(1 + t)⊕Z/2.
where Z/2 is the unique R(Z2)-module whose underlying abelian group is Z/2.
Proof. We cover B by the Z2-invariant subspaces
U = {kx ∈ Bx| − π/2 ≤ kx ≤ π/2} × By,
V = {kx ∈ Bx| π/2 ≤ kx ≤ 3π/2} × By,
each of which is equivariantly homotopic to By. Their intersection is identified
with the disjoint union U ∩ V = B+y ⊔ B
−
y of two copies B
±
y of By. The Mayer–
Vietoris exact sequence associated to this cover is
K
1+ν̂|U∩V
Z2
(U ∩ V ) ←−−−− K
1+ν̂|U
Z2
(U)⊕K
1+ν̂|V
Z2
(V ) ←−−−− K
1+ν̂|U∩V
Z2
(B)y x
K0+ν̂
Z2
(B) −−−−→ K
0+ν̂|U
Z2
(U)⊕K
0+ν̂|V
Z2
(V )
∆
−−−−→ K
0+ν̂|U∩V
Z2
(U ∩ V ),
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where, for example, ν̂|U ∈ Z
2(Z2, C(U,U(1))) is the restriction of ν̂ to U ⊂ B,
and ∆ is realised as ∆(u, v) = i∗Uu− i
∗
V v by using the inclusions iU : U ∩V → U
and iV : U ∩ V → V . The restricted cocycles can be trivialised, and a choice of
these trivialisations induces the isomorphisms
K
n+ν̂|U
Z2
(U) ∼= KnZ2(U)
∼= KnZ2(By),
K
n+ν̂|V
Z2
(V ) ∼= KnZ2(V )
∼= KnZ2(By),
K
n+ν̂|U∩V
Z2
(U ∩ V ) ∼= KnZ2(U ∩ V )
∼= KnZ2(B
+
y ⊔ B
−
y ).
Notice, however, that there is no (global) trivialisation of ν̂. At best, we can
choose the (local) trivialisations on U , V and U ∩ V so that the trivialisations
on U and V agree with that on B+y and their discrepancy on B
−
y is the sign
representation that is a group 1-cocycle in Z1(Z2, U(1)). This sign representa-
tion acts on Kn
Z2
(B−y ) as an automorphism, and is realised by multiplication by
t ∈ R(Z2). Taking the effects of trivialisations into account, we can identify ∆
as the homomorphism
∆ : K0Z2(Bx)⊕K
0
Z2
(Bx)→ K
0
Z2
(B+x )⊕K
0
Z2
(B−x ), ∆(u, v) = (u − v, u− tv).
With this expression, the Mayer–Vietoris sequence is folded to
0→ K0+ν̂
Z2
(B)→ K0Z2(By)
δ
→ K0Z2(By)→ K
1+ν̂
Z2
(B)→ 0,
in which δ(w) = (1− t)w. Now, we can readily see that
K0+ν̂
Z2
(B) ∼= (1 + t),
K1+ν̂
Z2
(B) ∼= R(Z2)/(1− t)⊕ (1− t)/(2− 2t) ∼= (1 + t)⊕ Z/2,
as claimed.
Computation of K•+c+ν̂
Z2
(Bx)
As in Section 6.2, let Bx be the circle with trivial involution, c : Z2 → Z2 the
identity map, and ν̂ the cocycle (13).
Proposition A.3. We have the following identifications of R(Z2)-modules
K0+c+ν̂
Z2
(Bx) ∼= Z/2, K
1+c+ν̂
Z2
(Bx) = 0
where Z/2 is the unique R(Z2)-module whose underlying abelian group is Z/2.
Proof. The computation is similar to that in the proof of Proposition A.2: we
cover Bx by two closed intervals U and V so that U ∩ V ∼= pt ⊔ pt, which are
invariant with respect to the trivial Z2-actions. Trivialising the twists ν̂|U , ν̂|V
and ν̂|U∩V , we have
K
n+c+ν̂|U
Z2
(U) ∼= Kn+cZ2 (U)
∼= Kn+cZ2 (pt),
K
n+c+ν̂|V
Z2
(V ) ∼= Kc+nZ2 (V )
∼= Kc+nZ2 (pt),
K
n+c+ν̂|U∩V
Z2
(U ∩ V ) ∼= Kc+nZ2 (U ∩ V )
∼= Kc+nZ2 (pt)⊕K
c+n
Z2
(pt).
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The K-theory Kc+n
Z2
(pt) twisted by the identity homomorphism c : Z2 → Z2 is
isomorphic to Kn±(pt) in [54], and is known to be [17]
Kc+0
Z2
(pt) = 0, Kc+1
Z2
(pt) ∼=
Z︷ ︸︸ ︷
(1 − t) .
Taking care of the choice of the local trivialisations, we can reduce the Mayer–
Vietoris exact sequence to
0→ K1+c+ν̂
Z2
(Bx)→
Z︷ ︸︸ ︷
(1− t)
1−t
→
Z︷ ︸︸ ︷
(1 − t)→ K0+c+ν̂
Z2
(Bx)→ 0,
from which Kn+c+ν̂
Z2
(Bx) is determined immediately.
B Appendix: Bulk-edge correspondence of in-
teger indices for pg-symmetric Hamiltonians
There is another natural surjective index map K1+ν̂
Z2
(B) = Z⊕Z/2→ K0(By) ∼=
Z which is most conveniently formulated using C∗-algebraic language, as briefly
mentioned in Section 7.3. Namely, K1+ν̂
Z2
(B) is also the operator algebraic
K1(C
∗(pg)). Now pg ∼= Zy ⋊ Zg where we have written Zy ∼= Z and Zg ∼= Z
for the subgroups generated by vertical lattice translation and by glide reflec-
tion respectively, and the semidirect product is given by the nontrivial reflection
action of Zg on Zy . We can rewrite
C∗(pg) ∼= C∗(Zy)⋊α Zg ∼= C(By)⋊α Zg
as a crossed product in which Zg acts on C(By) by the reflection automorphism
α taking (α · f)(ky) = f(−ky). The Pimsner–Voiculescu (PV) exact sequence
[40] for this crossed product is
K1(C(By)) K1(C(By)) K1(C
∗(pg))
K0(C
∗(pg)) K0(C(By)) K0(C(By))
1−α∗
∂
(1)
PV∂
(0)
PV
1−α∗
If we write K1(C(By)) ∼= Z[uy] with uy the generating unitary corresponding to
vertical translation (i.e. winds around the Fourier transformed space By once),
and K0(C(By)) = Z[1] with 1 the generating trivial projection given by the
identity, then the PV sequence simplifies to
Z[uy] Z[uy] Z⊕ Z/2
Z Z[1] Z[1]
1−(−1) (0,mod2)
∂
(1)
PV∂
(0)
PV
∼= 1−1=0
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in which ∂
(0)
PV is the zero map while the other Z-valued connecting “index” map
∂
(1)
PV : K
1+ν̂
Z2
(B) = K1(C
∗(pg))→ K0(C(By)) = K
0(By)
is surjective. The free generator ofK1(C
∗(pg)) ∼= Z⊕Z/2 can be taken to be the
unitary corresponding to the generating glide reflection, i.e. the [Ur] of Section
3.2.1 specifying the Hamiltonian Hr (this has winding number −1 around Bx).
Thus the index map ∂
(1)
PV counts the winding around Bx, and in our tight-
binding model, we see from Fig. 6 that it has the analytic interpretation of
counting the number of black zero modes (per unit cell) left behind after trun-
cating to the half-space on the right side of a vertical edge. The PV connecting
homomorphism, where available, is an important ingredient in the formula-
tion of bulk-edge correspondences of weak phases via generalised Connes–Chern
character formulae, as studied in [42]. From that point of view, [Ur] is a “weak”
topological phase, but as the Klein phase in our pg example shows, the no-
tions of “weak” and “strong” topological insulators are somewhat blurred in
the presence of crystallographic symmetries.
References
[1] Atiyah, M.F.: Bott periodicity and the index of elliptic operators. Quart. J.
Math. Oxford Ser. 2, 19 113–140 (1968)
[2] Atiyah, M.F.: Algebraic topology and operators in Hilbert space. In: Taam,
C.T. (ed.) Lectures in Modern Analysis and Applications I, Lecture Notes
in Math., vol. 103, pp. 101–121. Springer, Berlin (1969)
[3] Atiyah, M.F., Singer, I.M.: The index of elliptic operators I. Ann. of Math.
87(3) 484–530 (1968)
[4] Bradlyn, B., Elcoro, L., Cano, J., Vergniory, M.G., Wang, Z., Felser, C.,
Aroyo, M.I., Bernevig, B.A.: Topological quantum chemistry. Nature 547
298–305 (2017)
[5] Benameur, M.-T.: Noncommutative geometry and abstract integration the-
ory. In: Cardona, A., Paycha, S., Ocampo, H. (eds.) Geometrical and Topo-
logical Methods for Quantum Field Theory, pp. 157–227. World Scientific,
River Edge (2003)
[6] Coburn, L.A.: The C∗-Algebra Generated by an Isometry. II. Trans. Amer.
Math. Soc. 137 211–217 (1969)
[7] Conway, J.H., Friedrichs, O.D., Huson, D.H., Thurston, W.P.: On Three-
dimensional Orbifolds and Space Groups. Beitra¨ge Algebra Geom. 42(2)
475–507 (2001)
[8] Cuntz, J.: K-theory and C∗-algebras. In: Bak, A. (ed.) Algebraic K-theory,
number theory, geometry, and analysis, Lecture Notes in Math., vol. 1046,
pp. 55–79. Springer, Berlin (1984)
47
[9] Davidson, K.R.: C∗-algebras by example. Fields Inst. Monogr., vol. 6. Prov-
idence, RI (1996)
[10] de Monvel, L.B.: On the Index of Toeplitz Operators of Several Complex
Variables. Inventiones math. 50 249–272 (1979)
[11] De Nittis, G., Gomi, K.: The cohomological nature of the Fu-Kane-Mele
invariant. J. Geom. Phys. 124 124–164 (2018)
[12] Fang, C., Fu, L.: New classes of three-dimensional topological crystalline
insulators: Nonsymmorphic and magnetic. Phys. Rev. B 91 161105 (2015)
[13] Freed, D.S., Moore, G.: Twisted equivariant matter. Ann. Henri Poincare´
14(8) 1927–2023 (2013)
[14] Gohberg, I.C., Krein, M.G.: The basic propositions on defect numbers,
root numbers and indices of linear operators. Amer. Math. Soc. Transl. 2(13)
185–264 (1960)
[15] Gomi, K.: Twists on the Torus Equivariant under the 2-Dimensional Crys-
tallographic Point Groups. SIGMA Symmetry Integrability Geom. Methods
Appl. 13 014 (2017)
[16] Gomi, K.: Freed–Moore K-theory. arXiv:1705.09134
[17] Gomi, K.: A variant of K-theory and topological T-duality for real circle
bundles. Commun. Math. Phys. 334(2) 923–975 (2015)
[18] Gomi, K., Thiang, G.C.: Crystallographic T-duality. arXiv:1806.11385
[19] Haldane, F.D.M.: Model for a quantum Hall effect without Landau lev-
els: Condensed-matter realization of the “parity anomaly”. Phys. Rev. Lett.
61(18) 2015–2018 (1988)
[20] Halperin, B.I.: Quantized Hall conductance, current-carrying edge states,
and the existence of extended states in a two-dimensional disordered poten-
tial. Phys. Rev. B 25 2185 (1982)
[21] Hannabuss, K., Mathai, V., Thiang, G.C.: T-duality simplifies bulk-
boundary correspondence: the noncommutative case. Lett. Math. Phys.
108(5) 1163–1201 (2018)
[22] Hatsugai, Y.: Chern number and edge states in the integer quantum Hall
effect. Phys. Rev. Lett. 71 3697 (1993)
[23] Hatsugai, Y.: Bulk-edge correspondence in graphene with/without mag-
netic field: Chiral symmetry, Dirac fermions and Edge states. Solid State
Comm. 149 1061 (2009)
[24] Hsieh, D. et al.: A tunable topological insulator in the spin helical Dirac
transport regime. Nature 460(7259): 1101–1105 (2009)
48
[25] Karoubi, M.: K-theory: an introduction. In: Grundlehren math. Wiss., vol
226. Springer, Berlin (1978)
[26] Karoubi, M.: Twisted bundles and twisted K-theory. In: Cortina˜s, G. (ed.)
Topics in noncommutative geometry, Clay Math. Proc., vol. 16, pp. 223–257.
Providence, RI (2012)
[27] Kellendonk, J., Richter, T., Schulz-Baldes, H.: Edge current channels and
Chern numbers in the integer quantum Hall effect. Rev. Math. Phys. 14(01)
87–119 (2002)
[28] Kitaev, A.: Periodic Table for topological insulators and superconductors.
AIP Conference Series, vol. 1134, pp. 22–30 (2009)
[29] Kopsky, V., Litvin, D.B., eds.: International Tables for Crystallography,
Volume E: Subperiodic groups, E (5th ed.), Berlin, New York (2002)
[30] Kruthoff, J., de Boer, J., van Wezel, J., Kane, C.L., Slager, R.-J.: Topo-
logical Classification of Crystalline Insulators through Band Structure Com-
binatorics. Phys. Rev. X 7 041069 (2017)
[31] Kubota, Y.: Notes on twisted equivariant K-theory for C∗-algebras. Int. J.
Math. 27(6) 1650058 (2016)
[32] Kubota, Y.: Controlled topological phases and bulk-edge correspondence.
Commun. Math. Phys. 349(2) 493–525 (2017)
[33] Lu¨ck, W., Stamm, R.: Computations of K- and L-Theory of Cocompact
Planar Groups. K-theory 21 249–292 (2000)
[34] Mendez-Diez, S., Rosenberg, J.: K-theoretic matching of brane charges in
S- and U-duality. Adv. Theor. Math. Phys. 16(6) 1591–1618 (2012)
[35] Michel, L., Zak, J.: Connectivity of energy bands in crystals. Phys. Rev. B
59 5998 (1999)
[36] Mislin, G.: Equivariant K-homology of the classifying space for proper
actions. In: Proper group actions and the Baum-Connes conjecture, pp.
1–78. Birkha¨user, Basel (2003)
[37] Moutuou, E.M.: Twisted groupoid KR-Theory. PhD thesis, Universite´ de
Lorraine (2012) http://www.theses.fr/2012LORR0042
[38] Murphy, G.J.: C*-Algebras and Operator Theory. Academic Press, Boston,
MA (1990)
[39] Phillips, N.C.: The Toeplitz operator proof of noncommutative Bott peri-
odicity. J. Austral. Math. Soc. (Series A) 53 229–251 (1992)
[40] Pimsner, M., Voiculescu, D.: Exact sequences for K-groups and EXT -
groups of certain cross-product C∗-algebras. J. Operator Theory 4 93–118
(1980)
49
[41] Prodan, E., Schulz-Baldes, H.: Bulk and Boundary Invariants for Complex
Topological Insulators: From K-Theory to Physics. Springer, Switzerland
(2016)
[42] Prodan, E., Schulz-Baldes, H.: Generalized Connes–Chern characters in
KK-theory with an application to weak invariants of topological insulators.
Rev. Math. Phys. 28(10) 1650024 (2016)
[43] Ryu, S., Hatsugai, Y.: Topological Origin of Zero-Energy Edge States in
Particle-Hole Symmetric Systems. Phys. Rev. Lett. 89 077002 (2002)
[44] Schneider, A.: Equivariant T-duality of Locally Compact Abelian Groups.
arXiv:0906.3734
[45] Shiozaki, K., Sato, M., Gomi, K.: Z2-topology in nonsymmorphic crys-
talline insulators: Mo¨bius twist in surface states. Phys. Rev. B 91 155120
(2015)
[46] Shiozaki, K., Sato, M., Gomi, K.: Topological crystalline materials: Gen-
eral formulation, module structure, and wallpaper groups. Phys. Rev. B
95(23) 235425 (2017)
[47] Stolz, S.: Concordance classes of positive scalar curtavure metrics. Preprint
https://www3.nd.edu/~stolz/preprint.html. Accessed 9 Aug 2018
[48] Taylor, K.F.: C∗-algebras of crystal groups. Operator Theory: Advances
and Applications 41 511–518 (1989)
[49] Thiang, G.C.: On the K-theoretic classification of topological phases of
matter. Ann. Henri Poincare´ 17(4) 757–794 (2016)
[50] Thiang, G.C.: Topological phases: isomorphism, homotopy and K-theory.
Int. J. Geom. Methods Mod. Phys. 12 1550098 (2015)
[51] Valette, A.: Introduction to the Baum–Connes conjecture. Lectures Math.
ETH Zu¨rich. Birkha¨user Verlag, Basel (2002)
[52] Wan, X., Turner, A.M., Vishwanath, A., Savrasov, S.Y.: Topological
Semimetal and Fermi-arc surface states in the electronic structure of py-
rochlore iridates. Phys. Rev. B. 83 205101 (2011)
[53] Wieder, B.J. et al.: Wallpaper Fermions and the nonsymmorphic Dirac
Insulator. Science 361(6399) 246–251 (2018)
[54] Witten, E.: D-branes and K-theory. J. High Energy Phys. 12 (1998) p.
019
[55] Xu, S.-Y. et al.: Discovery of a Weyl Fermion semimetal and topological
Fermi arcs. Science 349 613–617 (2015)
50
